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Preface

Learning-based control is often introduced through a sequence of algorithms. This book takes
a different route. It begins with an optimal control problem and asks why its nominal solution
may be unusable. Two difficulties recur in mobility systems. The first is computational: even
with a known model, exact dynamic programming may require more state, action, or online
computation than is available. The second is informational: the model may be incomplete,
uncertain, changing, or learned from data. These difficulties can occur together, but they are not
the same, and a useful controller must make clear which one it addresses.

Dynamic programming provides the organizing framework. Exact DP supplies the reference
equations and policy-improvement logic; approximate DP retains those ideas when exact compu-
tation is impractical. The approximation may be placed in value, Q-factor, policy, or model space,
and its targets may come from an analytic model, a simulator, or sampled data. Reinforcement
learning is treated primarily as methodology for carrying out these approximate evaluations and
improvements. This is a control-oriented lens for asking what a method approximates and how
the result enters a closed loop, not a claim that every use of the term reinforcement learning is
identical to approximate DP.

The central thread is the connection between offline approximation and online improvement.
A learned object need not be the final controller. An actor can be a base policy or optimizer
warm start, a critic can be a terminal or leaf value, and a learned model can supply short-horizon
predictions. Lookahead, rollout, and model predictive control can then use the current state,
constraints, and an online computational budget to improve the action. Linear—quadratic control
and MPC are therefore a solvable laboratory, not a detour: they make Bellman and Riccati
iterations, terminal costs, and online policy improvement visible.

Representative modern RL algorithms enter where their approximation mechanisms belong.
DQN accompanies approximate Q-value iteration, while PPO, TD3, SAC, and related actor—critic
methods accompany approximation in policy space. They are compared through policy evaluation,
policy improvement, data use, and execution-time computation rather than presented as an isolated
catalogue. Mobility examples likewise emphasize more than fitting loss or training return: they
use nonlearning baselines, physical and control metrics, shifted conditions, constraint behavior,
computation time, and reproducible evidence. Guarantees are stated with their assumptions, and
numerical observations and engineering recommendations are identified as such.

The intended readers are graduate students and researchers entering from control, mobility
systems, optimization, or Al; prior RL coursework is not required. The text uses state, control,
and cost, with bridges to reward-based Al terminology. Generative Al assisted with outlines, early
drafts, code scaffolding, and editing. The author sets the structure, verifies sources, derivations,
and computations, revises the text, and assumes responsibility for its content.
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How to Read This Book

The chapters are arranged as a path from optimal-control formulation to approximation and
then to execution. The main question is not simply “Which algorithm is used?” It is “What is
approximated, how is it learned or computed, and what does the controller do online?” The
following reading lens is used throughout the book.

Five Questions to Ask

For each method, example, or software implementation, identify five items.

1. Decision problem. What are the state, control, dynamics, cost, constraints, horizon, and
information available to the controller?

2. DP object. Is the method approximating a value function, Q-factor, policy, model, or more
than one of these objects?

3. Target and data. Is a Bellman quantity evaluated from an explicit model, generated by a
simulator, or estimated from sampled transitions? Is the data on-policy or oftf-policy?

4. Policy improvement and execution. Is the deployed action a direct output of an offline policy,
a minimization over a learned critic, or the result of online lookahead, rollout, or MPC? What
model and computational budget does this online step use?

5. Evidence. Which assumptions support a guarantee, and which conclusions are numerical?
Are comparisons made with credible baselines, shifted conditions, physical metrics, constraint
behavior, and computation time?

These questions separate several ideas that are easily conflated. A neural network does not
make an update model-free. A sampled Bellman target may be generated by a known simulator.
A policy trained offline may be executed directly or used only to initialize an online optimizer.
Conversely, an online computation need not be online learning: MPC may improve the current
action without changing any learned parameter.

Conventions and Terminology

The main text minimizes cost and uses state x, control u, stage cost g, and policy p. Much of the Al
literature maximizes reward and uses state s, action a, reward r, and policy sr. Terminology boxes
translate between the two conventions; signs must be checked when a reward-based software
implementation is compared with a cost-based derivation.
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Finite state and action sets are exact reference settings, not definitions of DP. When a mo-
bility example has continuous variables, the text states whether it uses discretization, analytic
minimization, continuous online optimization, or a parameterized continuous actor. Similarly,
model-based and model-free are not used as single-axis labels. The text distinguishes the
origin and online use of a model from whether Bellman quantities are computed analytically or
estimated through samples.

Four types of statement also appear and should be read differently: theorems and propositions
hold under their stated assumptions; derivations establish identities within the adopted model;
computational observations describe a particular experiment; and design guidance records an
engineering recommendation rather than a universal guarantee.

Chapter Map

Chapters 1-3 establish the vocabulary and machinery. Chapter 1 separates computational
complexity from model uncertainty, Chapter 2 develops finite- and infinite-horizon exact and
approximate DP, and Chapter 3 introduces parameterized values, policies, and models while
distinguishing fitting quality from control relevance.

Chapters 4-6 form the core DP-to-control sequence. Chapter 4 develops value- space approxi-
mation, sample-based policy evaluation, approximate policy iteration, Q-learning, DQN variants,
and rollout. Chapter 5 uses LQR and MPC to make DP geometry, terminal approximation, and
online lookahead explicit. Chapter 6 derives policy-gradient and actor—critic methods before
interpreting PPO, TD3, SAC, CEM, and actor- or critic-assisted online improvement.

Chapters 7-9 move from learning dynamics and uncertainty to control with learned models,
stability and safety claims, and online adaptation. Chapter 10 addresses multiagent information
and coordination; Chapter 11 integrates the pieces in mobility case studies. The appendices
provide mathematical background, additional finite-horizon methods, and compact modern-RL
concept guides that complement Chapters 4 and 6.

Suggested Reading Routes

Full course route. Read Chapters 1-6 in order, then Chapters 7-11 to preserve the progression
from exact DP to approximation, online improvement, models, and deployment.

Reader entering from control. Use Chapters 2 and 5 to connect Bellman and Riccati ideas,
then read Chapters 3, 4, and 6 for values, critics, and actors. Consult the modern-RL appendix
when an algorithm name is unfamiliar.

Reader entering from Al or reinforcement learning. Begin with Chapters 1 and 2 for the
cost-minimization and optimal-control formulation, then read Chapters 4 and 6. Use Chapter 5
for terminal costs, base policies, and online control, and Chapters 7-9 for models and safety.

Project-oriented route. Start with the relevant mobility case, but trace every learned value,
policy, or model back to Chapters 2—6. Report baselines, information assumptions, offline and
online computation, shifted-condition tests, and reproducible code.
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1 Why Learning-Based Control?

Planned role

This chapter motivates learning-based control as approximate optimal control under computa-
tional and model uncertainty, and fixes the terminology used by the rest of the book.

Planned contents

* Mobility control problems and performance opportunities

* Optimal-control problem formulation and the solution-method map
¢ Computational complexity versus model uncertainty

¢ Offline training, online planning/play, and online learning

* Control, operations-research, and Al terminology

* Two meanings of model-based and model-free implementation



2 Exact and Approximate Dynamic
Programming

Learning objectives

After studying this chapter, the reader should be able to:
1. formulate deterministic and stochastic finite-horizon control problems;
2. derive Bellman’s backward recursion from the principle of optimality;
3. distinguish a time-dependent Markov policy from a stationary policy;
4

. construct deterministic and stochastic approximate-DP policies using an approxi-
mate value function;

5. formulate exact and approximate DP with values and Q-factors;

6. explain when a tabular controller requires state/action discretization and when
continuous controls can be retained;

7. define Bellman and policy-evaluation operators for a discounted problem;

8. compare value- and Q-factor forms of exact and approximate value iteration, policy
iteration, and optimistic policy iteration;

9. identify which methods require an explicit model and backups over all states; and

10. reformulate a finite-horizon problem as an episodic infinite-horizon problem with-
out claiming a computational shortcut.

Chapter roadmap

The chapter develops one DP principle at two time scales. It first derives finite-horizon backward
recursion, including stochastic problems and an HEV case. It then moves to stationary discounted
problems, where Bellman operators lead to VI, PI, Q-factor methods, and their approximate
versions. The final sections connect finite and infinite horizons and make model use, discretization,
and approximation explicit.

2.1 Why Dynamic Programming Comes First

A mobility controller rarely makes one isolated choice. A battery decision changes the energy
available later, steering changes the vehicle state seen by the next controller update, and a lane-



2.2 Deterministic Finite-Horizon Optimal Control

Secs. 2.2-2.3 Secs. 2.4-2% agnjefutiongydes 2.6 2.9 Secs. 2.10-2.13
) . apprOleaxtellonm_\ formulation . .
finite-horizon . stationary operators, Q-learning bridge,
exact DP recursion VI, PI, and Q reformulation, use

and HEV case

Figure 2.1: Original map of Chapter 2. Exact equations establish the reference; approximation
changes their representation or computation, not the underlying optimal-control
question.

change decision changes the future interaction geometry. Dynamic programming (DP) starts
from this coupling. It assigns a value to every relevant tail problem and uses that value to compare
actions whose immediate costs may look similar but whose consequences differ.

The central equation is simple enough to be misleading:

optimal value now =  min {current cost + optimal value next} . 2.1
current control
The equation can be mathematically exact while being impossible to evaluate at every continuous
state. This chapter therefore keeps two questions separate:

1. Characterization: what equation does an optimal value function satisfy?

2. Computation: how is that equation represented and evaluated in a particular implementa-
tion?

The first question gives a reference point for optimal control. The second leads to discretization,
approximate dynamic programming, reinforcement learning, and online planning. The finite-
horizon development follows the optimal-control viewpoint in Bertsekas (2019) and Bertsekas
(2025); the discounted finite-state development is also consistent with the MDP treatment in
Sutton and Barto (2018). The derivations, teaching example, and numerical figures in this chapter
are written independently.

Control viewpoint

DP is not one solver. It is a decomposition principle. Tabular backward recursion, Riccati
recursion, value iteration, policy iteration, rollout, MPC, and actor—critic methods use
different representations and computations, but each can be read in terms of evaluation
and improvement of future cost.

2.2 Deterministic Finite-Horizon Optimal Control

Consider the system
X1 = i, ug), k=0,..,N-1, (2.2)



2 Exact and Approximate Dynamic Programming

where x;, € %' is the state and u;, € %6, (x;) is an admissible control. For a prescribed initial
state x, the cost of a control sequence is

N-1
Jo(Xgi tgs oo tiy—1) = Y (X tg) + g (xy). (2.3)
k=0
The terminal cost gy is part of the problem specification. It may encode a desired final state, a
residual value, a soft terminal penalty, or a hard terminal requirement through the extended value
+00.

At stage k, define the tail value

N-1
JH(x) = min X, U,) + X , X, = X, 2.4
% (X) Upere ol { < 81 (Xp uy) + g ( N)} k 2.4)
where the minimization is restricted to controls satisfying the dynamics and constraints. A
finite-horizon state-feedback policy is a sequence pu = (uq, ..., ty—1) With g (x) € 2%, (x). It
is generally time dependent: the action can depend on both the current state and the stage.

Terminology note

A policy u; = p(xy) is often called a nonstationary Markov policy. “Markov” means
that the current state is a sufficient summary of the past; “stationary” means that the
same mapping u is used at every stage. Thus a policy can be Markov and nonstationary.
Equivalently, it becomes stationary on the augmented state z; = (k, x;).

Assumption 2.1 (Finite deterministic problem). For each k and x € %', the feasible action set
2, (x) is nonempty, all costs used in a feasible comparison are well defined in the extended
real line, and the displayed minima are attained. A value +oco may encode infeasibility,
provided the states of interest have at least one finite-cost continuation. Finite state and action
sets are a sufficient setting for this chapter’s result.

Proposition 2.1 (Principle of optimality). Suppose assumption 2.1 holds. If a control sequence
is optimal from x, and reaches x; at stage k, its remaining controls are optimal for the
tail problem starting from (k, x)).

.

Proof. If the remaining controls were not optimal for the tail problem, replace them with a
feasible tail of strictly smaller cost. The prefix through x; is unchanged, so the replacement
would produce a feasible full sequence with strictly smaller total cost. This contradicts optimality
of the original sequence. ]

The proposition concerns tails along an optimal trajectory. The DP recursion goes further: it
solves the tail problem from every state in the declared state space.



2.2 Deterministic Finite-Horizon Optimal Control

Theorem 2.1 (Deterministic finite-horizon Bellman recursion). Under assumption 2.1, initialize
To() = gy(). 2.5)

Then, fork =N - 1,...,0,

JE(x) = ue%igx) {grx,u) + T3, (fr(x,u) ) (2.6)
Any selector

i (x) € argmin {g; (x,u) +J}, | (fr(x,u))} 2.7)

ue Ui (x)

defines an optimal time-dependent state-feedback policy.

Proof. Atk = N, no control remains, so Equation (2.5) holds. Suppose J;_ | is the optimal
value of every stage-(k + 1) tail problem. If the first control at stage k is u, the immediate cost
is g (x,u) and the best possible remaining cost is J;_ | (fy(x, u)). Minimizing their sum over
feasible u gives Equation (2.6). Backward induction establishes the value recursion. Choosing a
minimizing control at each stage attains the recursively computed value, so the resulting policy
is optimal. O

The same exact recursion can be written with a state—control value, or Q-factor. For the
deterministic problem, define

Or(x,u) = gr(x,u) +J; | (fe(x,u)). (2.8)

Then
Ji(x) = muin Or(x,u), py(x) € argmin Q (x, u). 2.9)

For k < N — 2, eliminating J;_, gives the Q-factor-only recursion
Qp(x,u) = gp(x,u) +mvinQ,’:+1(fk(x,u),v). (2.10)

Thus J; ranks states before the current action is selected, whereas Qj ranks a particular current
action together with its best continuation.

Algorithm lens: Backward recursion, forward execution

For a finite-state implementation:
1. setJy(x) = gn(x) for every terminal state;

2. fork =N —-1,...,0, evaluate every feasible state—control pair, store the minimum
as Ji(x), and store a minimizing action as g (x);

3. starting from x, apply u;, = p;(x;) and propagate the system forward.

The backward pass is an offline computation when the model and problem data are known.
The forward pass is policy execution. Recomputing a tail problem from the current state




2 Exact and Approximate Dynamic Programming

instead would be an online planning method. J

If stage k has n; states and at most m;, controls per state, direct tabulation requires on the
order of Ziv:_ol nm; one-step comparisons. This can be entirely practical for a small graph and
entirely impractical for a finely discretized vehicle. The theorem is not weakened by the latter
fact; the representation is the bottleneck.

2.3 Stochastic Finite-Horizon Dynamic Programming
Now let the next state depend on a disturbance:

X1 = S (ges Upes W) (2.11)

The controller selects u;, after observing x; but before observing wy,.. This timing is essential. A
policy that uses the value of w; before the disturbance is revealed solves a different problem.
Let iy = (xq, ug, --. , ;) denote the observed history. The controlled Markov property is

Pxgyy =2 | hyyug = u) = pp(x” | xpu). (2.12)

The subscript k allows a time-varying, or time-inhomogeneous, Markov model. Markov therefore
does not imply stationary.
For finite state and control sets, write the controlled transition probability as

P [ x,u) = P(xgyq = x" | x5 = x,uy = u0). (2.13)

The expected cost of a policy pu is

N-1

Jo,u(x0) = E, 8r (Xpes U, W) + g (Xy)
=0

xo] . (2.14)

Assumption 2.2 (Finite stochastic control model). The state is Markov under each admissible
control, the state and control sets are finite, feasible action sets are nonempty, and the expected
one-stage and terminal costs are finite. The disturbance law, or equivalently the transition
kernel and conditional expected stage cost, is known for the exact recursion.

For compact notation, let

e u) = E[gr(x,u, wy) | x5 = x,uy, = u]. (2.15)

Theorem 2.2 (Stochastic finite-horizon Bellman recursion). Under assumption 2.2, an optimal



2.3 Stochastic Finite-Horizon Dynamic Programming

value satisfies
Jy(x) = gn(x), (2.16)

Ji(x) = uerozrzi]f}x) {gk(x,u) + Z Pr(x’ |x,u)J,f+1(x') . 2.17)

X' €X i1

An optimal policy can be chosen as a deterministic sequence w;, = iy (x;) within this finite
model.

Proof. Condition on the currently observed state and on the first selected action. The Markov
property makes the conditional distribution of the next state depend only on (x, #). The condi-
tional expected cost after the transition is therefore the probability-weighted value of the next
tail problem. Minimizing the sum of present and future expected cost gives Equation (2.17).
Backward induction proves the recursion. At each finite minimization, a deterministic minimizing
action exists; selecting one at every state and stage gives an optimal Markov policy. O

The stochastic exact recursion has the parallel Q-factor form

Qp(x,u) = Ze(x,u) + Y pr(x’ | x,u)Jf (1), (2.18)
Ji(x) = muin Or (x,u), py(x) € argmin Qy (x, u). (2.19)

Substituting J;, ; (x") = min, Q7 ,, (x’,v) yields

Qi (x,u) = g (x,u) + Y pp(x’ | x,u) min QF | (x",v). (2.20)

X
The terminal boundary is inherited from g,. The Q-factor therefore retains the uncertainty
through the transition-weighted continuation cost; it is not a deterministic substitute for stochastic
DP. It should also not be confused with the state-weight matrix Q used later in LQR.

Al/RL terminology bridge

Writing a Bellman equation in Q-factor form does not by itself make the method model
free. Exact evaluation of the preceding recursion still uses fj or the full kernel p;. The
model-free possibility arises because a Q-factor can instead be estimated from sampled
transitions, and a stored Qk (x, u) then selects an action through arg min,, Qk(x, u) without
calling an explicit model at execution. In Al notation, x, u, u, @ are commonly written
s,a, i, v, and reward is maximized with r, = —g;. Chapter 4 develops the sample-based
algorithms; here the important distinction is between the object Q and the way it is
computed.

\. J

The finite-set assumption supports the elementary recursion and an exact table. A continuous-
state or continuous-control formulation still has a Bellman equation. In the stochastic finite-
horizon case it takes the form

Ji(x) = ueglrélf(X) E[gx (x, u, wi) + Ji (fu(xsu,wy)) | x,u]. (2.21)
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The infimum replaces a finite minimum when a minimizing action is not known to exist, and
the expectation may be an integral over a continuous disturbance or next state. General-state
results require measurability, integrability, and measurable-selection assumptions. This chapter
deliberately proves the finite-set case; Section 2.7 explains how that reference model connects to
continuous mobility control.

2.4 From Exact to Approximate Finite-Horizon DP

Exact backward DP computes J; (x) for every state and stage before the forward policy in Equa-
tion (2.7) or Equation (2.17) can be executed. This requirement becomes the computational
bottleneck when the state space is large, continuous, or only accessible through data. Approx-
imate DP replaces one or more exact components of the backup by tractable approximations.
Approximation may be introduced in the stored value, in the Q-factor, in the expectation, or in
the minimization. These choices have different online consequences, so they should be stated
separately.

2.4.1 Approximate values as terminal evaluators

For the deterministic problem, an approximate value J,; defines the one-step lookahead policy

Hy(x) € arg%m(ir; {gk(x, u) + Jeo1 (fe(x, u))} ) (2.22)

For the stochastic problem, the corresponding policy is

Or(x,u) = B[g(x,u, wy) + iy g (e (s, wy)) | 3 = x,uy = u] (2.23)
[i;(x) € argmin O (x, u). (2.24)
ue%; (x)

Thus stochastic approximate DP is not obtained by deleting uncertainty. It still evaluates the
distribution of next states, but may approximate the future value, the expectation, the model, or
the minimization. A stored approximate value is an evaluator, not yet a complete controller: the
policies in Equations (2.22) and (2.24) still require a one-step model and a minimization when
an action is selected.

2.4.2 Fitted backward recursion

Suppose J, (x; ;) belongs to a tractable parameterized class. A fitted backward pass begins
from a chosen terminal approximation and, for k = N — 1, ..., 0, constructs targets at training
states. The deterministic and stochastic targets are

yiet(x) = min {g; (x, u) + Tt (i, )3 0x11) } (2.25)
yio(x) = min ]E[gk(x, u, W) + T (Fe (e, wy); 05 1) | . u] ) (2.26)
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Figure 2.2: Exact and approximate DP share the same decision pipeline. Approximation may
enter through the value representation, transition/expectation, candidate controls, or
numerical minimization. A new online minimization can improve the action even
when the leaf value is approximate.

The parameter 6 is then fitted so that J; (x; ;) = y;(x) on the selected states. With a known
model, the expectation can be evaluated analytically, by quadrature, or by simulation. With
transition data only, samples provide noisy regression targets. Approximation error can therefore
enter through state coverage, function class, expectation estimation, and optimization even before
the resulting policy is evaluated.

Alternatively, one may fit Oy (x, u) directly. The deterministic and stochastic targets are,
respectively,

Qdet(x u) = g (x,u) + min Orr1 (felx,u),v), (2.27)

QSIO(x u) = [gk(x u, wy) + min Opr1 (felx, u, wy), |x u] (2.28)

These targets may be formed from exact transitions or samples as appropriate. Direct Q-factor
fitting removes the explicit one-step model from action selection, although training may still be
model based. This is why model use during training and model use during execution must be
reported separately.

2.4.3 Decision pipeline and sources of approximation



2 Exact and Approximate Dynamic Programming
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Figure 2.3: Power-flow interpretation of the finite-state HEV example. The known traction

demand is split between engine and battery power. Battery power is a control because
it changes both the current engine load and the energy available at later stages.

Control viewpoint

There are three distinct products of an approximate backward computation: an approximate
value that still needs online lookahead, an approximate Q-factor that supports direct greedy
action selection, or a separately fitted policy that directly outputs a control. They share
Bellman’s logic but have different model and optimization requirements at execution.

2.5 Mobility Case: Finite-State HEV Energy Management

Optimal power split in a hybrid electric vehicle (HEV) is a natural finite- horizon problem: present
battery use changes future stored energy, and a known drive cycle creates stage-dependent traction
demand. The physical formulation is standard in HEV energy-management treatments such as
Onori et al. (2016). The model below is deliberately simplified and normalized: it preserves the
power balance, battery-state coupling, local limits, and charge-sustaining terminal requirement,
but it is not calibrated to a specific engine, motor, or battery. Its purpose is to expose the DP
calculation rather than predict a production vehicle’s fuel consumption.

Mobility case: Charge-sustaining power split

Let ¢, be battery energy, dj, the known traction demand, by, battery power, and p;"¢ engine
power. Positive b, discharges the battery. The normalized model is

Pt = di = by, (2.29)
€ry1 = €k — bk' (230)

10



2.5 Mobility Case: Finite-State HEV Energy Management

The finite grids and constraints are
e, € {0,1,...,20}, by € {-2,-1,0,1,2}, 0<pe<8. (2.31)
For a 40-stage demand profile, the stage cost is
grler, by) = 0.06(ping)2 +0.30p,"¢ + 0.015b7. (2.32)

The initial and terminal energies are both 10. The exact terminal requirement is represented
by

0, e =10,
e) = 2.33
gnle) {+oo, e % 10. (&55)
The known sequence dy, ..., dy_; plays the role of a prescribed drive cycle. The constraints in

Equation (2.31) are local: they must hold at each stage. The equality ey = 10 is global because a
battery decision early in the cycle affects whether the final target remains reachable. It prevents a
controller from reporting low fuel use simply by depleting the battery.

The quadratic engine term makes high engine power relatively expensive. The battery can
therefore shift engine effort from high-demand stages to low-demand stages, but it must return
to its initial energy. Backward DP computes J; (¢) and the minimizing battery action for every
feasible pair (k, e).

This is a model-based calculation in the DP sense. The controller is given the deterministic
energy transition, the entire demand sequence, the stage-cost map, and every constraint before
the backward pass. It evaluates every feasible state—action successor on the declared grid; none
of these quantities is learned from trajectories in this example.

For comparison, a viability-aware myopic controller minimizes only Equation (2.32). It rejects
a control if the successor state cannot reach the terminal target in the remaining stages, so the
baseline is feasible, but it ignores the magnitude of future cost. This is a deliberately strong
diagnostic: both policies know the constraints and terminal reachability; only DP prices the
future. The result also illustrates nonstationarity: at the same battery energy, an optimal action
can change with the remaining demand profile and the distance to the terminal stage.

Worked Example 2.1 (One backward Bellman backup). At the last stage, the demand is dzg = 4.
If e59 = 12, terminal feasibility forces bz9 = 2, so pgrég =2 and

J39(12) = 0.06(2)? + 0.30(2) + 0.015(2)% = 0.90.

At e39 = 10, the only terminal-feasible action is b9 = 0, giving J54(10) = 2.16. One stage
earlier, with e3g = 10 and dzg = 4, Bellman’s comparison is

11
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Table 2.1: Verified results for the normalized finite-state HEV grid. Costs are normalized and
should be interpreted only within the declared teaching model.

Policy Total cost Terminal energy Cost relative to myopic
Backward DP 62.88 10 —12.34%
Viability-aware myopic 71.73 10 baseline

bsg current cost J3g(esg)  total

=7 4.020 0.900 4.920
3.015 1.455 4.470
2.160 2.160 4.320
1.455 3.015 4.470
0.900 4.020 4.920

N = O =

The immediate-cost minimum b3g = 2 is not optimal after the tail cost is included; the
Bellman-optimal action is b3g = 0. This small calculation is the operation performed at every
state and stage by the code.

12
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battery power normalized power

battery energy

T T T T T

traction demand= = =engine: DP =--ccee engine: myopic

b - - - -

35 40

T T 1

T

10 15 20 25 30 35 40
stage k

Figure 2.4: Original numerical results for the finite-state HEV problem. DP charges during

selected lower-demand intervals and discharges during higher-demand intervals. The
myopic controller uses battery energy early and is forced to recharge near the end.

Both satisfy the same terminal target.

13
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Optimal nonstationary policy

battery energy e
(=)
optimal battery power

optimal cost-to-go J; (e)

0 5 10 15 20 0 10 20 30
battery energy e stage k

Figure 2.5: Optimal cost-to-go functions at four stages (left) and the complete nonstationary
battery policy (right). The white line on the policy map is the optimal trajectory
from ey = 10. The time variation is caused by the demand profile and the shrinking
distance to the terminal requirement.
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2.6 Stationary Infinite-Horizon Problems

Implementation note

The script code/ch02_exact_dp/generate_figures.m uses base MAT-
LAB, sets no random seed because the experiment is deterministic, checks terminal
feasibility and Bellman consistency, and exports both figures and CSV data. Its result is
exact on the declared finite grid. It is not an exact solution of a continuous or calibrated
HEV model.

2.6 Stationary Infinite-Horizon Problems

An infinite horizon does not by itself make a problem stationary. Stationarity requires time-
invariant dynamics, cost, constraints, and disturbance law, or a state augmentation that contains
their time dependence. We now impose this structure explicitly.

Let & be a finite state space. At state x, choose u € 26 (x), incur bounded cost g(x, u), and
move to x” with probability p(x” | x, ). For a stationary policy u, define the discounted cost

Jux) = Eﬂ Z akg(xp, p(xp)) | xo = x] , O<acx<l. (2.34)

k=0

Assumption 2.3 (Discounted finite MDP). The state and action sets are finite, every %6(x) is
nonempty, |g(x, u)| < g < oo, the transition probabilities are stationary, and 0 < a < 1.

Before introducing operators, write the equations one state at a time. For deterministic
dynamics x* = f(x, u), policy evaluation and optimality are

J(x) = g(x, p(x)) + aJ , (f (x, p(x))), (2.35)
J*(x) = ué%};r(lx) {g(x,u) + aJ*(f(x,u))}. (2.36)

For stochastic dynamics, conditioning on the first transition gives

T, (x) =gl p(x) +a Y pl |x, p(0)) ], (x'), (2.37)
x'e¥%
J*(x) = ugc}éil(lx) {g(x,u) + ax;%p(x | x,u)J* (x )} . (2.38)

The two cases have the same decision structure; the deterministic model has one known successor,
whereas the stochastic model averages over successor states.
For any candidate value J, define the corresponding one-step Q-factor by

Ot (x,u) = g(x,u) + aJ(f (x,u)), (2.39)
OF°(x,u) = glx,u) + a Zp(x' | x,u)J (x"). (2.40)

15
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The value J(x) answers “how costly is it to start at state x before choosing an action?” The
Q-factor Q(x, u) answers “how costly is action u now if J evaluates what follows?” Consequently,

JH(x) = muin O« (x,u), O*(x,u) = Oy (x,u). (2.41)

Using J stores one number per state but requires a model-based one-step calculation to compare
actions. Using Q stores one number per state—action pair and makes the greedy action directly
available once the Q-factor has been computed. The Bellman operator is shorthand for carrying
out this comparison at every state.

For a function J : & — R, define the Bellman optimality operator

(TJ)(x) = mm { (x,u) +a Z (x| x,u)J ’)}, (2.42)
x'e¥%

and the policy operator

(T,J)(x) = yra Y pl |x p(x))J (). (2.43)
x'e¥

The symbol T',, in this section is the policy-specific version of the global notation T',,.

Theorem 2.3 (Contraction and fixed points). Under assumption 2.3, both T and every T,, are
monotone and are contractions in the sup norm with modulus a:

\TJ-TJ |, <alJ -], (2.44)

Consequently, T has a unique fixed point J*, each T,, has a unique fixed point J ,, and a
policy greedy with respect to J* is optimal.

C

Proof. 1f J < J’ componentwise, every action value formed with J is no larger than the corre-
sponding action value formed with J’. Taking minima proves monotonicity. Also, for every
X,

(TJ)(x) — (TJ')(x)] < max Y p X&) =T (x))
<allJ-J,

Taking the maximum over x gives Equation (2.44); the policy operator proof is identical without
the minimization. The contraction mapping theorem gives unique fixed points and convergence
of repeated operator application. Choose p* greedy with respect to J*. Then 7',.J* = TJ* = J*.
Uniqueness of the policy-evaluation fixed point implies J,. = J*. For any other policy p,
rJ,<T,J, =J,. Repeated application of 7, followed by the contraction limit, gives J* < J ,.
Thus p* is optimal, and the fixed point is the minimum policy cost rather than merely a solution
of an operator equation. O

16



2.7 Finite Tables and Continuous Control Spaces

The fixed-point equation
J*=TJ* (2.45)

is exact. It does not say that a continuous-state J* can be stored, that the expectation can be
evaluated without error, or that the minimization is cheap. Those are computational questions
introduced by the chosen representation.

Terminology note

Assumption 2.3 deliberately uses finite state and action sets so the contraction, minimizer,
and tabular algorithms can be developed without measure-theoretic machinery. This is also
the principal elementary setting for discounted VI and Pl in Bertsekas (2019) and Bertsekas
(2025). It is a theorem scope, not a claim that DP only applies to finite spaces. General-
state versions replace sums by integrals and minima by suitable infima, with measurability
and selection assumptions. Their numerical solution normally uses structure, continuous
optimization, sampling, or function approximation rather than mandatory state—action
discretization.

2.7 Finite Tables and Continuous Control Spaces

The state space and the control space are two independent modeling choices. A problem may
have a continuous state and a finite action library, a finite state and a continuous control, or both
spaces continuous. The finite-state, finite-control assumption in assumption 2.3 is used here
because it makes every Bellman backup, minimizer, and convergence statement explicit. It is not
part of the definition of DP.
For a deterministic stationary problem with continuous state or control, the optimality equation
is still
J*(x) = inf {g(x,u) + aJ*(f(x,u))}. (2.46)
uce(x)

For a stochastic model it is

J*(x) = eiozrg; )]E[g(x, u,w) + aJ*(f (x,u,w)) | x,u]. (2.47)

The equations are conceptually unchanged, but the expectation may be an integral, the infimum
may require a continuous optimizer, and the value is now a function that cannot generally be
stored as a complete table.

17
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Table 2.2: Three routes from a continuous physical control problem to an implementable DP-
based controller.

Route What is retained What becomes approximate or
computationally demanding

Tabular model finite states and controls state/control quantization,
interpolation, and model
abstraction

Continuous continuous # and a model online numerical optimization

minimization and a represented value J

Parameterized policy continuous actor u = pug(x) policy-class restriction, sample

coverage, and training error

If a continuous steering or torque command is represented by the finite set used in this chapter’s
tabular algorithms, then the implemented command can only be one of those finite choices. In that
specific formulation, discretization—or a naturally finite maneuver library—is unavoidable. What
is not unavoidable is using that formulation for every controller. LQR keeps the continuous action
and solves the minimization analytically; MPC keeps it and solves a numerical optimization; a
continuous actor directly outputs a real-valued action.

Control viewpoint

The course will use the finite table as a reference model, then relax one axis at a time.
Chapter 4 begins with finite-state and finite-action VI, PI, Q-learning, and their guarantees,
then replaces the state table by function approximation. DQN still assumes a finite
action set. A continuous action paired with a critic requires either an inner numerical
minimization or a separate actor; the latter route leads to TD3 and SAC in Chapter 6.
Chapter 5 provides the analytic and optimization-based control bridge before those learned
methods appear.

2.8 Exact and Approximate Value and Policy lteration

The stationary discounted infinite-horizon problem in Section 2.6 is characterized by the fixed
point J* = TJ*, but a fixed-point equation does not compute itself. Value iteration (VI) and
policy iteration (PI) are algorithms for solving that infinite-horizon problem on the declared
finite model. This differs from the single backward pass used for finite-horizon DP: VI repeats
optimality backups until a fixed point is reached, whereas PI alternates infinite-horizon policy
evaluation and policy improvement.

18



2.8 Exact and Approximate Value and Policy Iteration

Control viewpoint

Exact tabular VI and PI are planning methods. A standard sweep assumes that g(x, u)
and either f(x,u) or p(x” | x,u) are available for every feasible state—control pair. It
also updates or evaluates every state, including states not visited by the current physical
trajectory. The completed table may be cheap to execute online, but constructing it can
be expensive offline. This gap motivates asynchronous, sample-based, and function-
approximation methods.

2.8.1 Exact value iteration

Value iteration repeatedly applies the optimality operator:
JE+D = @ (2.48)
Written without operator notation, its deterministic and stochastic forms are
JEHD (x) = min {8, u) + aJ O (f (x,u))}, deterministic, (2.49)

J (x) = min {g(x, w+ay pi | xul? (x’)}, stochastic. (2.50)

xl
Here i is an algorithm iteration, not physical time. One synchronous iteration evaluates the
right-hand side at every x. By theorem 2.3,
- < @i O - . @51

Because J* is unknown, a Bellman residual gives a computable certificate:
1
1 -

Indeed, |J - J*|| < W — TJ|l + ITJ — TJ*|, and the contraction term can be moved to the
left.

After any iterate, a greedy policy is obtained from

I =Tl <

(2.52)

wi(x )eargmln{ (x, u)+a2p(x | x,u)J ()(x')}. (2.53)

ueb(x) X

Small value error often helps, but policy quality depends on action-value differences. If two
controls are nearly tied, a small approximation error can change the selected action.

Algorithm lens: Exact tabular value iteration

Choose J9) . At iteration 7, use the model to evaluate all feasible actions at every state,
store the minimum as J*+1) (x), compute a Bellman residual, and stop at a declared
tolerance. The limiting statement is exact for the declared finite model; finite-precision
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l termination is tolerance based. J

2.8.2 Approximate value iteration

Suppose values are restricted to a tractable class, such as a linear architecture Jxr) = ¢ (x)Tr,
a kernel approximator, or a neural network. Let IT denote the operation that fits or projects a
Bellman target back into that class. Approximate VI (AVI) has the generic form

JED = ITJ @, (2.54)
Its deterministic and stochastic targets are, respectively,

yiet(x) = min {g(x,u) + aJ O (f (x,u))}, (2.55)
y?to(x) = muin E[g(x, u,w) + af(i)(f(x, u,w)) | X, u] . (2.56)

The new parameters are fitted so that JUD (%) = y;(x) on selected training states. With a known
model, the expectation can be computed or simulated offline. Without an explicit model, samples
can provide noisy regression targets.

Unlike exact VI, an arbitrary projection I17 need not be a contraction and may not converge.
Later chapters treat approximation architecture, training-state coverage, target construction, and
error in detail.

2.8.3 Exact policy iteration

Policy iteration (PI) separates two operations.
For policy evaluation, compute the unique solution of

‘]lli = T#i‘]ﬂi' (2'57)
In vector form this is
(I —aP, ), =8u, (2.58)
For deterministic dynamics the same evaluation equation is
Sy, (X) = g(x, pi(x)) + ad, (f (x, g (x))), (2.59)

whereas Equation (2.58) represents the finite stochastic case. For policy improvement, choose a
policy greedy with respect to the evaluated value:

Ui (x) € argmin {g(x,u) +a Zp(x’ Ix,u)Jﬂ,(x’)} ) (2.60)
ue U (x) X !
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Theorem 2.4 (Policy improvement). Under assumption 2.3, let ji be greedy with respect to
J - Then

Jp<J, (2.61)

componentwise.

Proof. Greediness and the policy-evaluation equation give

IgJ,=1J,<T,J,=J,
Monotonicity implies TZU u < J, for every m. The contraction property gives T/f-l"J w = I
proving the result. O

With finitely many stationary policies and consistent tie handling, exact PI reaches an optimal
policy in finitely many strict improvement steps. This does not imply that approximate policy
iteration is monotone: evaluation error and restricted policy classes can invalidate the ordering
used in the proof.

Algorithm lens: Exact tabular policy iteration

Start with a stationary policy pq. Use the full model to evaluate its value at every state,
improve the action at every state, and repeat until no action changes. Policy evaluation
may solve a linear system or iterate J « T, J. Exact PI can require fewer improvement
steps than VI, but each evaluation can be much more expensive than one VI sweep.

2.8.4 Approximate policy iteration

Approximate PI replaces exact policy evaluation by an approximation J u, = J,, and may also
restrict improvement to a parameterized policy class. With an unrestricted control minimization,
its deterministic and stochastic improvement steps are

fir1(x) € argmin {g(x,u) + ajﬂl_(f(x, )}, (2.62)
[ (x) € arg min ]E[g(x, u,w) + afﬂi(f(x, u,w)) |x,u] . (2.63)

Approximate evaluation may be model based, using transitions generated from a known f or p,
or model free in the DP-backup sense, using trajectories from the system or a simulator. If a
Q-factor Q u; 18 learned, the improvement step becomes y;, ; (x) € argmin,, Q p, (6 1) and needs
no explicit transition sum at execution.

Approximate PI does not automatically inherit Equation (2.61). Evaluation error, incomplete
state coverage, and a restricted actor can cause policy oscillation or degradation. The true cost of
each candidate policy should therefore be evaluated separately from the critic used to construct
it.
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2.8.5 Q-factor value iteration and policy iteration

Both VI and PI have exact Q-factor forms. For the stochastic discounted model, the optimal
Q-factor satisfies

* _ ’ . %/ )
Q*(x,u) = g(x,u) + a ;p(x X)) min, 0" ('), (2.64)
with the deterministic form obtained by replacing the sum by min, Q* (f (x, u), v). Define
— ’ . 2
(ToQ) (x,u) = g(x,u) + a Z p(x" | x,u) min Q(x’, v). (2.65)
X

Then Q-factor value iteration exists and is simply

QU = TQQ(i). (2.66)
It updates every state—control pair rather than every state. Approximate Q-value iteration fits
QD) = MpTp 0. (2.67)
For Q-factor policy iteration, evaluation of a fixed policy solves
Q,(6u) = g,u) + @ Y p(x’ [ x,1)Q,, (', pt;(x)), (2.68)
r

For deterministic dynamics, the continuation term becomes Q s (f (x,u), p;(f (x,u))). Policy
improvement then selects
i (x) € arglfnin Q,,(x,u). (2.69)

The J- and Q-factor versions generate the same exact greedy improvement when they are evaluated
consistently. The tradeof is representational: Q stores more entries, but once stored it exposes
the action comparison without an explicit transition sum. Exact Q-VI and Q-PI are nevertheless
model based during computation; the sample-based step that leads to model-free Q-learning is
introduced after the mobility example.

2.8.6 Modified and optimistic policy iteration

VI and PI are endpoints of a useful spectrum. Given an approximate value J¥), choose y; greedy
with respect to it and perform m; policy- evaluation sweeps:

Jl+1) _ Tzij(i)’ TMJU) = T7J@, (2.70)

When m; = 1, the update is VI. In the limit of exact evaluation, it becomes the evaluation step of
PI. Intermediate choices trade the frequency of policy improvement against the work devoted to
evaluating the current policy.

This deterministic m;-sweep scheme is usually called modified policy iteration. Bertsekas
(2019) uses optimistic policy iteration for the broader family in which policy improvement
occurs before full policy evaluation, possibly through asynchronous or simulation-based partial
updates. Modified PI is therefore a structured special case of the broader optimistic idea.
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2.9 Mobility Case: A Stationary Stochastic Lane-Keeping MDP

2.8.7 Multistep policy improvement: a geometric preview

A different use of multiple Bellman steps is online lookahead. Given a terminal approximation J,
an ¢-step planner applies the first action from the computation represented by

T¢J. 2.71)

Equivalently, define the effective evaluator J = 7%~ 17 and perform a one-step greedy improvement
with respect to J. The selected policy Ji satisfies

T;:J = TJ. (2.72)

For a finite-state model, the graph of T is the lower envelope of the affine policy operators T',.
The greedy policy selects an operator that touches this envelope at J; solving J = T/ is therefore
a Newton-type policy-evaluation step for the Bellman fixed-point equation. This is only a preview.
Chapter 5 gives the geometric picture and makes the construction explicit through the scalar
Riccati map, following the interpretation in Bertsekas (2022).

The terminal approximation evaluates the leaf states; the online minimizations improve the
action before execution. More lookahead is not an unconditional performance guarantee when
models or minimizations are approximate.

The two depths must not be confused:

m and [ : (2.73)
policy-evaluation depth policy-improvement/lookahead depth

They can be varied independently and can also be combined.

Al/RL terminology bridge

The evaluation—improvement split is the main bridge to modern actor—critic methods. A
critic approximates policy evaluation; an actor performs improvement within a parame-
terized policy class. PPO, TD3, and SAC differ in objective, regularization, sampling,
and value representation, but each can be located in this approximate-PI template. Using
an actor as a base policy or warm start and a critic as a terminal value for online looka-
head adds a further policy- improvement step at execution time. Chapter 6 develops this
connection rather than presenting the algorithms as an unrelated catalog.

2.9 Mobility Case: A Stationary Stochastic Lane-Keeping MDP

The algorithms are now applied to a stationary infinite-horizon example. To parallel the finite-
horizon HEV case, consider a vehicle traveling on a straight road under a stationary lateral
disturbance. Let the normalized lateral-error state, steering action, and disturbance be

eec{-4,-3,...,4}, ue{-1,0,1}, we {-1,0,1}, (2.74)
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2 Exact and Approximate Dynamic Programming

with disturbance probabilities (0.10,0.60, 0.30). The transition and stage cost are

€141 Clip(ek + Uy + wy, —4, 4), (275)
gle,u) = e? +0.20u?, a = 0.95. (2.76)

The model is stationary because the transition probabilities, cost, and constraints do not depend
on k. It is a normalized teaching model rather than a calibrated vehicle model, but every Bellman
quantity can be audited.

Exact VI and PI use the known transition kernel for all nine states and all three controls. Two
shorter model-based planners are included as baselines. The myopic policy is greedy with respect
to a zero terminal value,

:umyopic(e) € arg;niﬂ g(e, u)’ (277)

so it selects zero steering everywhere. The two-stage receding-lookahead policy first computes
T0 and is greedy with respect to that one-stage evaluator; its root action is represented by 720.
Both exact DP and the two-stage planner use the transition model, whereas the myopic action
selection uses only the present cost. Evaluating the infinite-horizon cost of all four policies uses
the same declared transition kernel.

Table 2.3: Verified lane-keeping results. The mean is uniform over all nine initial states and
reports the true infinite-horizon cost of each policy.

Method Construction Cost from e =0 Mean policy cost

Exact VI optimality backups to 9.1200 21.0966
convergence

Exact PI exact evaluation and 9.1200 21.0966
improvement

Two-stage lookahead  greedy with respect to 70 9.1200 21.0966

Myopic greedy with respect to zero 144.0896 178.8844

In this deliberately small model, two-stage lookahead happens to select the same stationary
policy as exact VI and PI. This is an auditable feature of this example, not a general two-stage
optimality result. The large myopic loss shows why the current lateral error alone is an inadequate
action criterion under a persistent disturbance.

Implementation note

The lane-keeping calculation is generated by the same Chapter 2 MATLAB script as the
HEV example. Exact VI is run to a sup-norm update tolerance of 10~!2; exact PI solves a
model-based policy-evaluation linear system at each improvement step. The myopic and
two-stage policies are also evaluated by solving their exact model-based policy equations,
so plotted values are achieved policy costs rather than terminal heuristics.
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Figure 2.6: Model-based exact and short-lookahead calculations for the stationary stochastic
lane-keeping model. The top panels compare achieved policy costs and actions;
the bottom panels expose VI residual convergence and the number of state actions
changed by PI. The two-stage policy coincides with the optimum in this teaching
model, while the myopic policy does not.

2.10 From Q-Value lteration to Q-Learning
Once Q* from Equation (2.64) is available,
J*(x) = muin O*(x,u), p*(x) € argmin Q* (x, u). (2.78)

Exact Q-VI still uses the model in every backup. Q-learning replaces that explicit transition
sum by a sampled transition (x;, u;, g;,X;.1):

0V (xjuy) = OV (xj ) + B [&' + amin QY (x;,4,v) — QY (xiaui)] ; (2.79)

while other table entries remain unchanged. For a deterministic system the observed successor is
fixed by (x;, u;); for a stochastic system the bracket is a noisy sample of the Q-Bellman target.
In the finite tabular discounted setting, standard convergence results (Bertsekas 2019; Sutton
and Barto 2018) require, among other conditions, repeated visitation of every relevant state—
control pair and step sizes satisfying ) . f; = oo and } . ,Blz < oo along each updated pair.
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Z€ero cost

h _> gN

Figure 2.7: Finite-to-infinite reformulation. Stage-indexed state layers are combined into one
augmented state space and followed by a cost-free absorbing state. A stationary
policy on the augmented state retains the original stage information.

Neural-network Q-learning no longer inherits this elementary guarantee. Chapter 4 develops
sampling, temporal differences, target networks, and DQN; the purpose here is to show that
Q-learning is a sample-based approximation of the same DP equation, not a separate starting
point.

2.11 Finite-to-Infinite Reformulation

A finite-horizon problem can be represented as a stationary infinite-horizon problem by putting
time into the state. Let
i = (k,xy), k=0,...,N, (2.80)

and add an absorbing termination state A. From (k, x) with k < N, the augmented system moves
to (k + 1,f;(x,u)) and incurs g, (x, u). From (N, x) it moves to A and incurs g, (x); thereafter
the cost is zero.

The transition rule and cost are stationary as functions of z, even though the original model
was time varying. A stationary policy in z is exactly a nonstationary policy p (x) in the original
state. The two formulations therefore have the same feasible trajectories and total costs.

Proposition 2.2 (Equivalence of the time-augmented formulation). Every feasible policy for
the original N-stage problem induces a feasible stationary policy on the augmented state
space with identical cost, and vice versa. Hence the optimal costs are equal.

Proof. Map the original decision rule p;(x) to jz((k,x)) = pi(x). The augmented transition
reproduces the same state sequence and charges the same stage and terminal costs before entering
A. Conversely, restrict any augmented stationary policy to states of the form (&, x) to obtain the
original nonstationary rules. The mappings preserve feasibility and cost in both directions. [

This equivalence is conceptual, not a complexity reduction. If the original state grid has n
points at every stage, the augmented representation has roughly (N + 1)n state—time pairs. State
augmentation can also make an otherwise compact physical state much larger.
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Al/RL terminology bridge

The augmented problem is an episodic MDP written on an infinite time axis. It allows
finite-horizon control problems to use the common language of stationary policies, value
functions, Q-factors, and RL algorithms. The equivalence is valid only if stage, remaining
time, terminal cost, and terminal constraints are encoded. Omitting them changes the MDP.
This reformulation justifies using infinite-horizon methodology as a unifying language in
later chapters, not the claim that every task is naturally continuing or discounted.

2.11.1 Can a slalom task be treated as infinite horizon?

A prescribed finite slalom is nonstationary if the controller observes only the vehicle state while
the desired path changes with time or distance. It can nevertheless be formulated for approximate
infinite-horizon DP by choosing an appropriate information state. Let xzeh contain vehicle motion
states and let o denote progress or phase along the reference path. Include preview information
r(o) when the controller uses upcoming curvature or cone geometry:

2 = (N, opr (o). (2.81)

The dynamics and stage cost may then be stationary functions of (zi, uy).
There are two useful interpretations:

1. A finite course becomes an episodic infinite-horizon problem with absorbing success,
collision, and track-exit states.

2. A closed or repeatedly generated slalom becomes a continuing problem; path phase is part
of the state, and discounted or average performance can be defined over repeated traversal.

The state and action are continuous, so a tabular solution is not required or usually desirable.
A critic J(z) or Q(Z, u), a continuous actor, and optional model-based lookahead provide an
approximate-DP implementation. PPO, TD3, or SAC can train the actor and critic; an LQR/MPC
baseline and a short online optimizer can expose what is gained by learning.

Mobility case: Slalom as a midterm replacement project

The task is appropriate as an approximate infinite-horizon DP project if students must
explicitly define the augmented Markov state, episode termination and terminal cost,
cost/reward sign conversion, model use during training and execution, and a nonlearned
baseline. Evaluation should report tracking error, cone or road-boundary violations,
steering magnitude and rate, computation time, and robustness to speed and tire-model
mismatch. Training return alone does not establish a useful controller.

2.12 Approximation, Model Use, and Implementation

This section separates three questions that are often compressed into the word approximate:
which mathematical object is represented, how Bellman information is obtained, and how the
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resulting action is selected.

2.12.1 Three levels of exactness

The word exact is useful only when its level is stated. A short three-level distinction is sufficient
for the remainder of the book.

Table 2.4: Three levels at which exactness may be claimed.

Level Meaning and required qualification

Bellman Exact under stated assumptions; it does not imply that the value can
characterization be stored or computed.

Declared numerical Exact VI/PI may solve a finite table; the table can still approximate
model the physical state, action, or dynamics.

Implemented policy A policy can be evaluated accurately on the declared model; this
does not by itself establish performance on the physical plant.

Three functions should be kept distinct:

A A % (2.82)

The first is the optimal value of the declared problem. The second is a stored approximation used
to make a decision. The third is the true cost of the policy induced by that approximation. In
general,

J# Iy #J% (2.83)

The lane-keeping example demonstrates this distinction without a separate function approximator.
The myopic controller uses the terminal evaluator zero, but its achieved cost from e = 0 is
144.0896; the two-stage controller uses 70 as an evaluator, but its achieved cost is 9.1200. A
leaf evaluator and the true cost of its induced receding-lookahead policy are different objects.

2.12.2 Where approximation can enter

Let 7 denote a backup formed with an approximate model, sampled expectation, or approximate
minimization. A broad approximate-DP template is

JUD = T J0, (2.84)
[I(x) =~ arg min Qj(x,u). (2.85)

This notation separates representation error through I, model or sampling error through 7, and
optimization or policy-class error through the approximate minimization.
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Table 2.5: Principal approximation locations in DP and learning-based control.

Approximation Exact object Representative approximation

location

State representation  full information state x grid, feature state, or belief state

Value space J*orJ u Jlx; r), critic, terminal value

Q-factor space Q*orQ, QO(x,u;r), DQN or continuous
critic

Transition/expecta-  for p(x’ | x, u) learned model, nominal forecast,

tion Monte Carlo sample

Minimization global min,,cq, sampled controls, local solver,
short lookahead

Policy space unrestricted selector u actor 14 or stochastic policy 7y

Problem original dynamics and constraints reduced model, certainty

equivalence, relaxed constraints

If a d-dimensional continuous state is discretized with M points per coordinate, a full Cartesian
grid contains M states. Ten points per coordinate produce 10* states in four dimensions and 103
states in eight dimensions, before controls and disturbances are enumerated. This exponential
growth is one form of the curse of dimensionality.

2.12.3 Model use is not a single binary label

The words model based and model free are overloaded. This book will track three separate
questions:

Table 2.6: Three model-use axes that should be reported separately.

Axis Question to report

Training backup Is for p used explicitly, or are Bellman targets formed from
transition samples?

Online action selection Is a stored actor/Q-policy executed directly, or is a model-based
lookahead or MPC problem solved?

Model origin If a predictive model is used, is it known physics, an engineering
approximation, or learned dynamics?

A learned value is not automatically model free: fitted VI may use a known model. Online
improvement is often model based, but it may instead use a simulator, sampled rollout, or learned
Q-factor. Chapter 1 will introduce these axes, and later chapters will identify where each method
lies on them.

Approximation changes the computation, not the logic of the control question. Chapters 3 and
4 replace tabular value functions with parameterized approximations and samples. Chapter 6
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2 Exact and Approximate Dynamic Programming

moves approximation into the policy space. The reference objects in this chapter—J*, J ,, 0%,
Q. T, and T ,—make it possible to say precisely what is being approximated.

2.13 Before Applying Dynamic Programming

Before calling a sequential decision model a DP or MDP, check the following.
1.

State sufficiency. Does x; contain the information needed to predict the next-state
law and future costs under a control? If not, add memory, an estimator state, or a
belief state.

. Information timing. Is the control chosen before or after the current disturbance,

forecast update, or neighboring-vehicle message?

. Admissibility. Are state, input, and coupled terminal constraints represented in

2, (x) or in an equivalent extended cost?

. Terminal modeling. Does g, describe the cost beyond the explicit horizon, or does

it merely force an arbitrary endpoint?

. Optimization scope. Are the displayed minima attained, and is the implementation

finding global or only local minimizers?

. Probability model. Is an expectation computed from a known kernel, a learned

model, a forecast ensemble, or samples? Each has a different error source.

. Infinite-horizon criterion. Is discounting physically meaningful, a mathematical

convenience, or a proxy for termination? Near-unity discount factors need not
reproduce an undiscounted objective.

Claimed exactness. Is the claim about the Bellman relation, a finite abstract model,
or the original physical system?

J

Discounting deserves particular care. It guarantees contraction in theorem 2.3, but it also
changes how costs at different times are weighted. Average-cost, stochastic-shortest-path, and
undiscounted control problems need their own assumptions; they cannot inherit the discounted
proof by setting ¢ = 1.

2.14 Summary

* The principle of optimality turns a sequential optimization problem into coupled tail
problems.

* Finite-horizon Bellman recursion is backward in time and generally produces a nonsta-
tionary policy.

* Stochastic DP replaces the next tail value by a conditional expectation; the information
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pattern and Markov state must be explicit.

* Deterministic and stochastic approximate DP replace exact values, Q-factors, expectations,
models, minimizations, or policies by tractable approximations. These approximation
locations should be named explicitly.

* A tabular finite-control implementation of a continuous physical problem requires action
discretization or a finite maneuver library. DP itself can instead retain continuous controls
through analytic or numerical minimization, or a parameterized actor.

* For a finite discounted MDP, Bellman operators are contractions. This gives unique fixed
points, VI convergence, and a clean policy-improvement proof.

* Exact VI and PI use a model and compute over all states. Approximate VI and PI trade this
exhaustive computation for representation, sampling, model, optimization, and coverage
errors.

¢ VI and PI can be written with either state values or Q-factors. Exact Q-VI and Q-PI remain
model based; Q-learning replaces the explicit transition expectation by sampled updates.

* Modified Pl is a structured optimistic-PI method that truncates policy evaluation. Multistep
lookahead changes improvement depth instead and admits a Newton-type geometric
interpretation developed in Chapter 5.

e (QQ-learning is a sample-based asynchronous approximation of Q-factor value iteration; it
does not begin from a different optimality equation.

¢ Actor—critic methods inherit the evaluation-improvement structure; online lookahead can
improve the learned actor using the learned critic.

* Time or path-phase augmentation makes finite-horizon and slalom tasks stationary in an
enlarged state. This enables episodic infinite-horizon formulations without removing their
computational burden.

2.15 Exercises

Exercise 2.1 (Backward recursion by hand). Consider x| = x; + u; for k = 0, 1,2, with
x, € {-2,-1,0,1,2}, u, € {-1,0, 1} whenever the next state remains in the state set, stage
cost x,% + O.2u,%, and terminal cost 2x§. Compute J3,J5, 7, J; and the optimal policy. Explain
why the policy depends on k.

Exercise 2.2 (A stochastic Bellman step). A vehicle can remain in its current lane or request
a lane change. Construct a two-state, two-action transition model with a failed-request
probability. Specify costs for delay and request effort, then compute one backward Bellman
step for a two-stage horizon. State exactly when the request outcome becomes known to the
controller.
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Exercise 2.3 (Deterministic and stochastic approximate lookahead). For the problem in Exer-
cise 2.1, replace J; by J>(x) = 1.5x% and compute the approximate stage-1 policy using
Equation (2.22). Then add a disturbance w € {—1, 1} with equal probabilities and compute
Equation (2.23). Identify separately the value-approximation and expectation operations.

Exercise 2.4 (Contraction and residual). Prove that 7', is an a-contraction under assumption 2.3.
Starting from the triangle inequality and the fixed-point relation, derive Equation (2.52)
without referring to the proof in the text.

Exercise 2.5 (Value and Q-factor iterations). Create a discounted MDP with three states and
two controls per state. Implement J-based VI, Q-factor VI, J-based PI, and Q-factor PI. Verify
that the final policies agree. Report Bellman backups, linear solves, table sizes, and residuals.
Counting an entire linear solve as one iteration is not a fair comparison; propose and justify a
more informative work metric.

Exercise 2.6 (Modified policy iteration). For the MDP in the previous exercise, run Equa-
tion (2.70) with m = 1,2, 5, and exact policy evaluation. Compare convergence and total
operator applications. Identify the VI and PI endpoints in the data.

Exercise 2.7 (Short lookahead and achieved policy cost). Run the stationary lane-keeping
example. Reproduce Table 2.3. Derive the myopic and two-stage policies from 0, 70, and
T20, and evaluate both policies on the infinite-horizon model. Then change the disturbance
bias and steering penalty. Determine when two-stage lookahead ceases to coincide with the
optimal policy, and explain why a terminal evaluator is not the achieved policy cost.

Exercise 2.8 (One Q-learning update). For the lane-keeping MDP, initialize Q©) = 0. Suppose
a sample transition is (e, u, g,e’) = (2,—1,4.2,1). Compute one update of Equation (2.79)
with By = 0.5. Explain what changes if the transition is deterministic, and why repeated
visitation remains necessary.

Exercise 2.9 (Continuous control without an action grid). Replace the lane-keeping action set
by u € [—1,1] and use a differentiable approximation J(e). Derive the scalar continuous
minimization used for one-step lookahead. Compare three implementations: discretizing u,
using a numerical optimizer, and learning a continuous actor.

Exercise 2.10 (HEV reproducibility and sensitivity). Run the Chapter 2 MATLAB script identified
in the implementation note. Verify the total costs in Table 2.1. Then change the terminal
target, battery cycling penalty, and engine-power limit one at a time. Explain changes in
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both the cost-to-go and policy map. Do not call a modified run physically realistic unless the
normalized model has been calibrated.

Exercise 2.11 (Hard versus soft terminal requirements). Replace Equation (2.33) by gy (e) =
p(e —10)2. Sweep p over several orders of magnitude. Plot terminal error against operating
cost and discuss why a large finite penalty is not identical to a hard constraint.

Exercise 2.12 (Finite-to-infinite augmentation). Write the complete augmented transition graph
for the problem in Exercise 2.1. Count the original state—time pairs and the augmented states.
Show explicitly how a stationary augmented policy encodes the nonstationary finite-horizon
policy.

Exercise 2.13 (Slalom as an episodic MDP). Formulate a finite slalom as an episodic infinite-
horizon problem. Specify the vehicle state, path progress or phase, preview information,
continuous control, success and failure terminal states, and terminal costs. State whether
training and execution are model based or sample based using the three axes in Table 2.6.
Propose an LQR or MPC baseline and physical evaluation metrics.

Exercise 2.14 (Modeling audit). Choose one mobility problem: eco-driving, lane changing,
thermal management, or charging coordination. Define the state, control, disturbance, infor-
mation timing, constraints, cost, and horizon. Then identify one omitted variable that would
break the Markov property and propose a state augmentation.
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Learning objectives

10.
11.

After studying this chapter, the reader should be able to:
1.

distinguish the object being approximated from the algorithm used to generate its
training targets;

. construct polynomial, tile, radial-basis, structured, and MLP architectures for values

and Q-factors;

. formulate a finite-action policy approximator as a classifier and distinguish it from

a multihead Q-factor;

. derive regularized weighted least squares and batch, minibatch, and Adam parameter

updates;

. explain how ¢, ¢,, smoothness, early stopping, dropout, and decoupled weight

decay encode different preferences;

6. distinguish fitting error from error already present in a training target;

7. explain why normalization, validation design, and trajectory-level splitting matter

in control data;

8. separate value-prediction error from greedy-action error and decision regret;

state an action-gap condition under which an approximate Q-factor preserves the
exact greedy action;

distinguish a neural-network architecture from a DP or RL training algorithm; and

assess whether a fitted approximator is ready to be used inside an online controller.

Chapter roadmap

This chapter deliberately pauses the Bellman recursion and studies the function class itself. It
moves from the object being approximated to linear features, fixed-target fitting, and neural
architectures. Data-distribution and decision-quality checks then lead to a common car-following

experiment, after which Chapter 4 reintroduces Bellman and trajectory-generated targets.
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3.1 Why Approximation Architecture Comes Before Approximate DP

Secs. 3.1-3.2 Secs. 3.3-3.5 Sec. 3.6 Secs. 3.7-3.9
object and features, fitting, coverage and mobility case and
architecture map and neural models decision validation return to ADP

Figure 3.1: Original map of Chapter 3. Fitting a target and judging whether the fitted function
supports the intended control decision are separate steps.

3.1 Why Approximation Architecture Comes Before Approximate
DP

Chapter 2 introduced approximate value iteration in the form
JUD =~ TITJ O, (3.1)

The symbol IT hides several design decisions. Which functions can be represented? At which
states is the fit accurate? How are noisy targets weighted? How expensive is evaluation inside
an online minimization? Before studying the Bellman targets in Chapter 4, we isolate these
questions by considering a fixed target function.

This separation is deliberate. An approximation architecture is a family of functions. A
training rule chooses one member of that family. A DP or RL algorithm determines how the
targets are generated and refreshed. Conflating the three makes it difficult to identify the source
of an observed failure.

The chapter follows the parametric-architecture viewpoint of Bertsekas (2019) and Bertsekas
(2025), while adding control-facing validation, continuous-action interpretation, and a mobility
experiment. It is not intended to replace a general machine-learning text.

Control viewpoint

The relevant notion of accuracy depends on how the approximation is used. For action
selection, an additive error common to every action does not change the minimizer, while
an error that varies rapidly with the action can change it. This is the “constant offset versus
error slope” observation emphasized by Bertsekas (2019, Sec. 2.1). It does not imply that
value RMSE is unimportant or that a simple architecture is generally superior. It implies
that prediction error and induced decision error answer different questions and should
both be reported.

3.2 What Is Being Parameterized?

Let r denote a finite-dimensional parameter vector. The same mathematical idea can be applied
to four different objects:

~

J(x;ry) = J(x), O(x,u;rg) = Q(x,u), (3.2)
H(x; ru) ~ u(x), f(x,u; rf) ~ f(x,u). (3.3)
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The notation records the object explicitly because its online consequence is different.

Table 3.1: What the stored approximation supplies at execution.

Stored object Execution consequence

Value J (x) A model and an online minimization are still needed to compare
successor states.

Q-factor Q (x,u) A finite action can be selected directly by arg min,, Q(x, u);a
continuous action still requires an optimizer or an actor.

Policy zi(x) The action is produced directly, subject to any saturation or safety layer.

Model f (x, u) Prediction becomes available, but an optimizer or policy is still

required for control.

For finite-horizon problems, values and policies are generally stage dependent:

T (1), Oc(x,u;8,),  k=0,...,N—1. (3.4)
Sharing parameters across stages is possible only after time, remaining horizon, or other non-
stationary information has been encoded in the input. A single stationary network without this
information silently changes the problem.

AI/RL terminology bridge

In Al terminology, J is a value network or critic, Q is a Q-network, and i is an actor
or policy network. The word network specifies an architecture, not how its targets were
obtained. A Q-network trained from exact model-based Bellman targets and one trained
from real transition samples have the same input—output form but different learning
algorithms and model-use classifications.

3.2.1 A map of the architectures used in this chapter

Before deriving any one architecture, it helps to see the available choices. The first three rows of
Table 3.2 use a feature map fixed before training and are linear in the fitted weights. The last
row learns the feature map and is nonlinear in most of its parameters. These categories are not
competing DP algorithms: any of them can be trained on supervised, Bellman, Monte Carlo, or
temporal-difference targets.

The progression will therefore be: choose fixed features, understand how a target is fitted, and
then let a neural network learn the features as well. Section 3.7 compares all four choices on the
same mobility target.

3.2.2 Finite-action policies as classification

Policy approximation is not restricted to continuous actions or to a particular feature architecture.
For a finite action set 26 = {u'V, ..., u"™}, a policy approximator can be viewed as a classifier:
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Table 3.2: Architecture map. “Local” means that changing one feature or weight affects only a
limited state region; “global” means that it can affect much of the domain.

Architecture Representation and typical behavior

Polynomial or structured Global smooth terms and physics-informed quantities are chosen

fixed features before training. The result is compact and interpretable;
extrapolation follows the imposed structure.
Tile fixed features Indicator functions are assigned to declared cells. The result is

local and table-like, but discontinuous unless overlap or
interpolation is added.

RBF fixed features Smooth local kernels use selected centers and widths. They
interpolate locally, while coverage deteriorates away from the
centers.

MLP A multilayer perceptron’s widths and activation types are chosen,

while internal features are learned from data. Training is nonlinear
and generally nonconvex.

the state or information state is the object being classified, and each admissible action is a class.
Let z;(x; r) be one score per action and define

expz;(x;r)
pix;r) = = : (3.5)
2 omq EXPZe(x;7)
H(x;r) = ul™, jre argmax p;(x;r). (3.6)
J

The scores z; may come from linear features, an MLP, a CNN, an RNN, or another parametric
architecture. Classification describes the output object and training target; it does not imply a
particular internal representation.

If improved or expert actions supply labels j, the standard cross-entropy fit is

q
r* € argmin — Z Wy logpjs xS 1)+ LR (r). 3.7)

s=1

One-hot least squares is another possible classifier fit. At execution, sampling from p; gives a
randomized policy, whereas Equation (3.6) gives a deterministic maximum- probability action.
A binary stop/continue decision is the simplest special case. This is the finite-action policy-
approximation viewpoint of Bertsekas (2025, Sec. 3.4.1).

This classifier should not be confused with a finite-action Q-factor. A Q approximator estimates
action-conditioned costs and then selects arg min,, O(x, u); a policy classifier learns action labels
or probabilities directly and need not preserve cost magnitudes. The two can use the same multi-
output architecture while representing different mathematical objects and requiring different
targets.
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state or infor- . softmax class sample p;
classifier scores -
mation state probabilities or apply
x 2L e o Zm p;(x; r) for actions u) arg max; p;

Figure 3.2: Original finite-action policy-classifier architecture. The same probability outputs
support either a randomized training/execution policy or a deterministic maximum-
probability controller; that choice must be stated.

3.3 Linear-in-Parameter Feature Architectures

Choose a feature map

¢:F >R p) =[p0) o pu0)] (3.8)
A linear feature architecture has the form
JOosr)=¢(x)Tr = Z rip;(x). (3.9)
J=1

The architecture is linear in the parameters, not necessarily in the state. Polynomial, trigonometric,
hinge, radial, and physics-derived nonlinear functions of x may all appear in ¢.

3.3.1 Local, global, and structured features

Four choices recur throughout approximate control. They all fit Equation (3.9), but they impose
different geometry on the approximating function. Piecewise-constant and polynomial examples
are classical linear feature architectures in Bertsekas (2019, Sec. 3.1.1); tiles and radial bases are
also standard constructions in Sutton and Barto (2018, Ch. 9).

Polynomial features. For a two-state regulation problem x = (e, e,), a quadratic vector is

T
¢quad(x):[l e; e, egj e e, e%] . (3.10)

Each basis function is global: changing one coeflicient changes the fitted surface over the full
domain. This is efficient when the true shape is close to quadratic but restrictive when it contains
localized transitions.

Piecewise-constant or tile features. Let {€ j}]’.” | partition or cover the state space. With

¢; ) =lxe %), Jr =) rlixe € (3.11)
j=1

the weight r; controls only its active cell. A nonoverlapping partition is a compressed lookup
table; overlapping tilings reduce visible cell-boundary artifacts but activate several weights per
state.
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3.3 Linear-in-Parameter Feature Architectures

Radial-basis features. A smooth local feature centered at Cj is

2

#.(x) = exp el (3.12)
/ 20}

Small ¢; gives local resolution but may leave holes between centers; large o; gives smoother

coverage but couples distant states. RBFs do not acquire sensible extrapolation merely by

increasing their number: far from every center, all radial features can become nearly zero.

Control-informed features. Known physical or decision structure can be encoded directly. For a
spacing constraint d > d,;,, one useful feature is

Prisk (d) = [dyin — d17, [z], = max{0,z}. (3.13)

Including it does not enforce the constraint. It only makes a particular shape of cost easier to
represent. Safety still requires an appropriate decision layer and verification.

—_

e
W

representative feature value

el

| | |
-3 25 -2 -15 -1 -05 O 0.5 1 1.5 2 2.5 3

normalized scalar state z

— global quadratic z2/9 local tile 1{|z] < 1}
—— local smooth RBF - - - one-sided risk hinge

Figure 3.3: Original comparison of four representative fixed features. The curves are basis
functions, not complete fitted values. A polynomial affects the whole domain, a tile is
local and discontinuous, an RBF is local and smooth, and a structured hinge activates
only on the declared risk side.
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linear-in-parameter model: fixed features

state chosen features linear weights output
X ~
¢ (x) r J(x;r)
A

\

learned features last-layer weights
hy (x;v) r

neural network: learned features

Figure 3.4: Original architecture diagram. A linear feature model learns only the last weights
for a chosen representation. A neural model also learns the feature map. Both
remain parametric function approximators; neither specifies the Bellman or policy-
improvement algorithm that supplies the targets.

3.3.2 Q-factor and continuous-policy features

For a Q-factor, the features depend on both state and action:
O(x,u;r) = y(x,u)r. (3.14)

With a finite action set, one may use separate parameters for each action or a shared representation
with multiple output heads. Separate heads can express different action surfaces but share no
statistical strength unless their lower layers are coupled.

For a continuous control, a quadratic-in-action critic is especially useful:

O(x,u) = c(x) + b(0)Tu+ su"H(x)u,  H(x) > 0. (3.15)

Its greedy action is available analytically before constraints, u = —H (x)~!h(x). A generic neural
critic does not provide this convenience; it needs numerical minimization or a separate actor.
A continuous policy may also be parameterized directly. For scalar actuation, for example,

[(x;r) = u. + ugtanh(¢ (x)7r) (3.16)

maps every state into the declared interval [u,. — ug, u. + uy]. This is a policy architecture,
not a Q-factor: its parameters must be trained by imitation, policy optimization, or another
policy-space method rather than by minimizing it over u.

These forms are used in practice, but not with equal prevalence. Linear Q-factors remain
important in least-squares policy iteration and related sample-efficient methods (Lagoudakis
and Parr 2003); a finite-action multihead Q-network is the neural generalization used by DQN.
Quadratic action dependence is exact for LQR Q-factors, appears locally in second-order optimal
control, and was built into the normalized-advantage-function architecture for continuous Q-
learning (Gu et al. 2016). For high-dimensional continuous actions, a separate actor is now
often more flexible than enforcing a globally quadratic critic. Thus Equation (3.15) is a useful
structured option, not a claim that every modern critic has this form.

40



3.4 Fitting Architectures to a Fixed Target

3.4 Fitting Architectures to a Fixed Target

This section applies to both the fixed-feature models of Section 3.3 and the nonlinear models
introduced in Section 3.5. The loss function defines what it means to fit; the architecture
determines whether that optimization is a linear least- squares problem or a nonlinear training
problem.

Suppose a target function J can be queried at selected states. The training set is

D ={(x), g, BB = J(x)) + ). (3.17)

Here ¢ is the label error: the difference between the available label and the stated target at
sample s. It is random noise when, for example, 8*) is a Monte Carlo return or a measurement.
It may also contain deterministic numerical error or systematic bias when the label comes from
interpolation, a learned model, or an incomplete optimizer. Calling every ¢'*) zero-mean noise
would therefore be too strong.

3.4.1 Weighted and regularized least squares

For a general architecture J(x; ), weighted squared-error training takes the form
Z . 2
0, € argmin Y w, (J(x):0) - B9)" + 2R(0), (3.18)
0 s=1

where w, > 0 is a sample weight, 2 > 0 is a regularization coefficient, and % penalizes selected
parameter behavior. The objective is quadratic only when the architecture is linear in its fitted
parameters.

Let the feature matrix ® € R7*™ have row ¢(x(s))T, let W = diag(wyq, ..., wq), collect labels
in B, and choose a regularization operator L € R”*". The linear-in-parameter special case of
Equation (3.18) solves

r, € argmin(®r — B)TW(®r — B) + A ||Lr||2. (3.19)
If the indicated matrix is nonsingular, the solution is
r, = (@TWe + ALTL) " 1¢TWg. (3.20)

Otherwise a pseudoinverse or a numerically stable factorization is required. For ordinary ridge
regression L = I. More generally, L may leave an intercept unpenalized, penalize high-order
features more strongly, or encode differences between neighboring tile weights to encourage
smoothness. This linear least-squares development and the noisy-label interpretation follow
Bertsekas (2019, Sec. 3.1.2).

The weights and the sample locations are not merely numerical details. They define which
states matter to the regression. Let p be a probability distribution over states. The distribution-
weighted error

= = Baep [T =T 00)?]. (3.21)
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has the same squared-cost units as the pointwise error. It is not a new optimal control objective;
it is a compact statement of where prediction fidelity is being measured. If the states x(*) are
sampled independently from p, the unweighted sample mean

4. 2
Y (W) - Jx)) (3.22)

s=1

Q=

estimates Equation (3.21). A nominal-driving distribution may assign very little probability to
near-collision states, so a small nominal error can coexist with a large safety-boundary error.
Changing the sampling distribution or the weights generally changes the fitted function even
when the architecture is unchanged.

Implementation note

Normalize continuous inputs before using polynomial, radial, or neural features. Otherwise
the units of a state component can dominate the conditioning of ®® and the gradient
scale. The physical units must still be retained in the model definition and in reported
control metrics; normalization is an internal numerical transformation.

3.4.2 What regularization selects—and what it does not fix

When many parameters fit the observed labels similarly, regularization states which fitted member
is preferred. In Equation (3.18), the data term asks for agreement with the supplied targets and
R encodes an additional preference. Increasing A strengthens that preference relative to the data
fit. It can improve conditioning and validation performance, but it deliberately introduces bias
and cannot correct biased Bellman, Monte Carlo, or expert labels.

Common explicit penalties include

For(0) = %110 — Orefl> . (3.23)

Ry (0) =101, , (3.23b)
Fopn(0) = 2,101, + 21013, (3.23¢)
Posmooth (0) = ILOII3 . (3.23d)

The reference in Equation (3.23a) need not be zero: it may be an initial controller or a trusted
nominal parameter. The €; penalty can select sparse coeflicients but is nonsmooth. Elastic-net
regularization combines shrinkage and sparsity. The operator L can penalize differences between
neighboring tiles, high-order coefficients, or other declared roughness rather than parameter
magnitude itself.

Control-oriented penalties may act on the represented function rather than on raw weights.
Two examples are

1 o - 15 _
Forae(0) = D [V RS 02,  Bau0) = g 2 laetehso) - A9 0)°. (3.24)
s=1 s=1
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3.4 Fitting Architectures to a Fixed Target

The first discourages excessive state-to-action sensitivity on sampled states; the second discour-
ages action variation along a declared trajectory ordering. Neither is a stability or actuator-rate
certificate. Both can suppress a genuinely sharp control response if their coefficient is too large.

Not all regularization appears as an additive penalty. Early stopping selects an iterate before
the training loss is minimized. Dropout randomly removes units during neural training and
approximates an ensemble-like averaging effect (Srivastava et al. 2014). Input or label pertur-
bations encode a chosen noise model. Data augmentation encodes declared invariances. With
adaptive optimizers, decoupled weight decay (AdamW) is not generally identical to adding an
¢, term to the loss (Loshchilov and Hutter 2019). Consequently, a reproducible report should
state the mechanism, coefficient or stopping rule, parameters excluded from the penalty, and the
validation distribution—not merely say “regularization was used.”

declared preference i .
1 - ora training rgelected approximator

fit-bias—sensitivity tradeoff

target agreement
training loss on &

ness, or invariance

Validation must still test target quality, decision qual-
ity, distribution shift, and closed-loop constraints.

Figure 3.5: Original regularization map. Regularization selects among fitted models by adding a
declared preference; it is not a substitute for validating the targets or the resulting
controller.

3.4.3 Stochastic labels and repeated targets

If E[¢® | x9] = 0, squared-error regression targets the conditional mean E[8 | x] = J(x).
Suppose M labels at one state are conditionally independent and have the same conditional
variance. Their average satisfies

_ 1 ¥ . 1
BO) =37 i), Varlf(x) | x] = 37 Var[(x) | x]. (3.25)
Jj=1

The second identity follows because variances of conditionally independent terms add and the
prefactor is 1/M?. It is therefore an elementary probability result, while its use with sampled
cost labels is part of the least-squares training framework in Bertsekas (2019, Secs. 3.1.2-3.1.3).
It does not apply unchanged to correlated rollouts that reuse the same disturbance realization or
initial trajectory.

Variance reduction costs additional simulation or experiments. If label variance changes with
state, inverse-variance weighting can improve statistical efficiency under its assumptions. A
different choice—upweighting rare safety-critical states—expresses control importance instead.
Reliability weighting and importance weighting should not be conflated, and the adopted rule
must be reported.
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3.4.4 Target error and fitting error are distinct

Suppose the available label is an approximation J rather than the desired J. Then

J-J=0J=-D)+UJ-J). (3.26)

The first term is discrepancy from the supplied target and contains representation, finite-data,
and optimization effects. The second term is the target error itself. These terms need not be
orthogonal, so squared errors do not simply add; the always-valid norm statement is the triangle
bound
J-J| <|V-J| +|-J|. . 27
J—d, <l -7, + 17~ (327)

{ desired object
J

target-generation error: model, sam-
pling, discretization, or numerical
Y i ion

available target
J
i T representation, finite

data, regularization, or incomplete

Y optimization
{ trained approximator
J

Figure 3.6: Original error-lineage diagram. Validation against the available target J examines
only the right-hand link. It cannot by itself detect bias already present in J.

For example, a neural network can interpolate every value produced by a coarse-grid DP
calculation and still disagree with the continuous physical problem because the grid, action
discretization, or model is inaccurate. Likewise, fitting Monte Carlo labels can be statistically
accurate for the behavior-policy return but irrelevant to an optimal-value claim. Independent
reference calculations, Bellman checks, or closed-loop evaluation are needed to investigate the
left-hand link in Figure 3.6. Chapter 4 will show how target error is refreshed and sometimes
propagated by approximate DP.

3.5 Nonlinear and Neural Architectures

A multilayer perceptron (MLP) is a feedforward neural network composed of affine maps and
componentwise nonlinear activations. The term is standard, although a modern MLP usually
has many units and is not limited to the historical single perceptron. For a fixed-dimensional
vector-valued mobility state it is the simplest neural baseline. Other neural architectures remain
valid value, Q-factor, policy, and model approximators; their main difference is the structure
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imposed on the input and on the learned features. The feedforward and multilayer construction
follows Bertsekas (2019, Secs. 3.2-3.2.2).
Let z(x) be a normalized input and define

ho = z(x), (3.28)
hj: UJ(W]hJ_] +bj)’ ] = 1,...,L, (3.29)
J(x;0) =wThy +b, 0 ={(W;,b;,w,b}. (3.30)

For fixed hidden-layer parameters, this is again a linear feature architecture with features #; .
Neural training also adjusts the feature extractor.

normalized input  hidden layer 1 hidden layer L linear output

()
i

/

Figure 3.7: Original MLP diagram for a scalar value approximation. Every arrow has a trainable
weight; every hidden unit also has a bias and activation. The last hidden vector /; (x)
is a learned feature vector, while the final layer forms w'h . +b.

Rectified-linear, smooth rectified-linear, and hyperbolic-tangent activations make different
smoothness and extrapolation choices. No activation is best for every control problem. For
example, a bounded tanh hidden layer may be numerically convenient on a declared operating
envelope but can saturate outside it; an unbounded rectified-linear network can extrapolate with
large piecewise-linear slopes.

Terminology note

Beyond an MLP: CNNs and RNNs as approximators. A convolutional neural network
(CNN) is appropriate when an observation has a spatial or grid structure whose local
patterns should share parameters: a camera image, occupancy grid, road raster, or spatial
traffic field. A recurrent neural network (RNN), including gated variants such as an LSTM
or GRU, processes an observation—control history and maintains a learned hidden state. It
is useful when the physical state is only partially observed or when a fixed-length history
would otherwise be supplied to an MLP. Attention and graph networks provide analogous
structure for long sequences and interacting agents.

These labels describe the approximation architecture, not a new DP or RL algorithm. For
example, DQN may use a CNN to approximate the same finite- action Q-factor that an MLP
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approximates from a low-dimensional state. An RNN critic may approximate Q(hy, uy)
from a history summary 4. The recurrent hidden state is not automatically a sufficient
Markov state: its adequacy must still be checked through prediction, control performance,
and distribution shift. Chapters 4 and 6 attach Bellman and policy-improvement targets to
these architectures.

3.5.1 Loss, backpropagation, and parameter updates
Specializing Equation (3.18) to equal sample weights, training may minimize

q
Y (J(x950) = B9)* + 25(6). 3.31)

s=1

£(0) =

| =

Here 1 > 0 is the regularization coefficient and 9% (6) is a declared penalty. A common weight-
decay choice is

L
R(0) =) W+ Iwl?. (3.32)
j=1

usually with biases excluded. Other penalties encode different assumptions; the symbol % does
not specify one automatically.

Backpropagation applies the chain rule to compute V4 £. It is not itself the rule that updates
0. Full-batch gradient descent uses

001 =0,—1,VgE(0,), (3.33)

where 7, > 0 is a stepsize. For a minibatch 9, c {1, ..., g}, define

1

8 =17 2, Vol(00 + AV R0, 0:(0) = (J:0) - Y. (3.34)

s€B;

One sample gives stochastic or incremental gradient; several samples give a minibatch update.
Random reshuffling by epoch avoids repeatedly privileging the same samples. Ordinary and
incremental gradient, stepsize, and Newton-type choices are developed in Bertsekas (2019,
Sec. 3.1.3).

Adam augments the minibatch gradient with exponential first- and second-moment estimates
(Kingma and Ba 2015):

m; = Bim_y + (1 - B1)gs v = Bovicy + (1= B2)(8; © &) (3.35)
~ ml s Vl
m,—l_ﬁtl, Vl_l—,Bzz’ (3.36)
m
01 =0, — —"— (3.37)
§t+ 6A

Here 0 < B4, B> < 1, 4 > 0 prevents division by zero, and ©, the square root, and the division
are componentwise. Adam changes the scaling and momentum of the update; it does not repair
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biased targets, guarantee global minimization of a nonconvex loss, or make dependent validation
data independent.

The ﬁve update families compared in Table 3.3 can be written using the same notation. Let
F(@) = 1 4:(0) + A% (0) be the full objective and let g, denote the gradient estimate
avallable at 1terat10n t. Representative updates are

full batch: 6,,, =60,—-1n,VF(0,), (3.38a)
incremental/SGD:  0,,1 = 0, — 1,(V¥ (0,) + AVR(0,)), (3.38b)
minibatch: 6 Ve,(6,) + AVR(O 3.38¢c
= (| % Z% (0 )) (3.380)
m,

Adam: 60, =6;,-n———, (3.38d)

J\’Tt + 6A
curvature based: 6,,, =0, — n,(H, + 551)"'g,. (3.38¢)
Here s, is the sample selected for an incremental step, %8, C {1,...,q} is a minibatch, and H,

is a Hessian or a positive-semidefinite curvature approximation. Damping §5 > 0 improves
conditioning and makes the linear solve well posed when H, is singular. Equations (3.35)— (3.37)
define the moment states suppressed in the compact Adam line. Thus the five methods differ in
how they estimate and scale a descent direction; they do not change the training target itself.

Table 3.3: What changes across common training updates.

Method Data use and main tradeoff

Full-batch gradient Uses all g samples for a relatively stable direction but is expensive
when g is large.

Incremental/SGD Uses one sample for a cheap, noisy update; sampling order and
stepsize matter.

Minibatch gradient Uses a subset 9, to combine vectorized computation with
controllable gradient noise.

Adam Uses a minibatch and moment states for adaptive coordinate scaling

and momentum. It adds hyperparameters and has no universal
superiority guarantee.

Curvature-based Gauss—Newton and Newton-type updates add a curvature or
curvature approximation. Local progress may improve at the cost of
memory and linear algebra.

3.5.2 Output structure should match the control object
The final layer should respect how the result will be used:

* a value or scalar Q-factor uses a scalar output;

47



3 Parametric Approximation

* a finite-action Q-network may use one output per action;
* a bounded continuous actor may use u = u,. + u, tanh(z 4 (x));

* a stochastic actor outputs distribution parameters, including a positive scale through an
exponential or softplus map;

* a positive-definite action curvature in Equation (3.15) needs a factorization that enforces
H(x) > 0.

These choices encode useful structure but do not by themselves guarantee closed-loop stability,
constraint satisfaction, calibrated uncertainty, or optimality.
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3.6 Data Distribution and Control-Relevant Validation

This section combines two sources of reasoning. Distribution-weighted approximation norms
and the distinction between approximation error and induced policy performance are standard in
approximate DP (Bertsekas 2019; Bertsekas 2025). The trajectory-level and shifted-condition
split below is an authorial validation recommendation for correlated mobility data, not a theorem
attributed to those books.

Let piains Pyal» and p,p denote the training, validation, and closed-loop operating state distri-
butions. Define errors with the same physical units,

Eqain = [V =] Eop ==, - (3.39)

Pirain
It is possible that Ey,;, < E,p. Unlike the earlier statement “less than 1,” this comparison is
meaningful without pretending that a dimensioned cost error has an absolute unit-free threshold.
The result is not a paradox: the two norms weight different states. In mobility control, rare states
near a road boundary, collision set, friction limit, or actuator saturation may matter more than
their frequency in nominal data suggests.

3.6.1 Random rows are not always independent validation data

Consecutive samples from one trajectory share initial conditions, disturbances, controller behav-
ior, and often nearly identical states. A random row split can therefore place almost duplicate
samples in training and validation sets. Prefer splits by complete trajectory, route, driver, operat-
ing condition, or random seed. A separate shifted test should vary the physical quantities that
may change in deployment, such as speed, friction, mass, delay, or disturbance statistics.

3.6.2 Small value error and correct action are different claims

For a finite action set, define the optimal action u*(x) € argmin, O* (x, ) and let &(x) minimize
Q(x,u). The following elementary bound explains why a Q-factor must be judged through action
comparisons.

The one-step decision regret, also called the reference suboptimality gap of the chosen action,
is

Podec (X) = OF (x, u(x)) — m}n O*(x,u) = 0. (3.40)

It answers: “How much worse is the approximate greedy action when both actions are evaluated
by the same reference Q-factor?” It is zero for any reference-optimal action, including ties, and
it has the units of the Q-factor. In bandit and online-learning texts, cumulative regret sums
analogous losses over repeated decisions (Lattimore and Szepesvari 2020). Here the qualifier
one-step is essential: Equation (3.40) is neither an emotional notion nor a guarantee on full
closed-loop excess cost.
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Figure 3.8: Original illustration of the control-relevant error observation in Bertsekas (2019,
Sec. 2.1). A constant bias can produce nonzero value error without changing the
greedy action. An action-dependent error can move the minimizer; its variation or
slope near competing actions matters.

Proposition 3.1 (Q-error and greedy decision regret). At a fixed state x, suppose

uglozilé) |Q(x,u) - QO (x,u)| <e. (3.41)

Then the greedy action from Q satisfies

O*(x,u) — O"(x,u*) < 2e. (3.42)
Define the smallest strictly suboptimal action gap by

A(x) = M:Q*(X’g)ling*(x’u*) (0% (x,u) — 0% (x,u™)], (3.43)

with A(x) = +co if every feasible action is optimal. If A(x) > 2¢, every approximate
greedy action is optimal.
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Proof. Greediness of i and the uniform error bound give

O*(x,u) < Q(x,ﬁ) +€
< Q(x, u*) + ¢
< O*(x,u*) + 2e.

If & were strictly suboptimal when A (x) > 2e, the left side of Equation (3.42) would be larger
than 2¢, a contradiction. This argument allows multiple optimal actions. O

The converse does not hold: a large common offset in all action values can produce poor RMSE
but preserve every greedy action. Conversely, a small error concentrated near action-switching
boundaries can change many actions. For a continuous action set, local gradients and curvature
replace the discrete action gap, and a small scalar value error alone is even less informative.

No single metric is sufficient. Action agreement is easy to interpret but counts a harmless near-
tie and a severe mistake equally. One-step decision regret grades the severity using a declared
reference Q-factor but inherits any error in that reference model and horizon. Closed-loop excess
cost and constraint metrics include future state-distribution changes, but they are more expensive
and scenario dependent. The mobility example reports the first two and treats closed-loop testing
as the next validation layer.

Terminology note

Deep RL combines a deep function approximator with an RL target and data generation
process. DQN is not just a neural network: it is a neural Q-factor architecture together
with sample-based Bellman targets, replay, target networks, and other stabilization choices.
PPO, TD3, and SAC similarly add specific policy-evaluation and policy-improvement
rules. Their algorithmic roles are developed in Chapters 4 and 6.

3.7 Mobility Case: A Car-Following Value Surrogate

We now fit a continuation value in a small longitudinal-control problem. The purpose is not to
claim a high-fidelity car-following model. It is to keep the target, architecture, data support, and
induced decision fully auditable.

3.7.1 Declared model and reference target

Let e; = d — d; be spacing error and let e, = Vigaq — Vego be relative speed. Thus e, < 0
means that the ego vehicle is closing on the lead vehicle. With a constant-speed lead vehicle and
zero-order-held ego acceleration u, the teaching model is

eak+1 = eak T Tseyx — %TSZ U, (3.44)
ey i+l = €y — Ty (3.45)
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The horizon is N = 20, T; = 0.25 s, and
u, € {-3,-1.5,0,1.5,3} m/s>. (3.46)
For d.of = 15m and dg,s, = 5 m, the stage cost is
gley e, u) = 0.05e£21 +0.30e2 + 0.035u® + 12[dyg. — (dues + €4)12. (3.47)
The terminal weights on €2, €2, and the risk hinge are 0.8, 1.5, and 40, respectively.
Backward DP is run on 61 spacing-error points, 49 relative-speed points, and the five controls.
Oft-grid successors use bilinear interpolation. The result is therefore a reference numerical

target J ﬁef, not an exact solution of a continuous physical problem. The known model is used
both to construct every target and to perform the one-step action comparison.

3.7.2 Architectures and data support

Four architectures are fitted to J {ef:

1. Quadratic fixed features. With z;, = ¢;/12 and z,, = ¢,/6, this model uses

T
bo=[1 24 2 25 zaz, 22] . (3.48)
It is the smallest and most globally structured candidate.

2. Structured fixed features. This model augments ¢ with a soft proximity indicator and a
closing-speed indicator,

4

The activation threshold e, = —8 m deliberately precedes the declared —10 m safety
boundaryj; it is a feature-design margin, not a hard constraint.

h = [_8 T ed] ) c=[-z,l4s ¢s = [¢TQ h h* he hzc]T. (3.49)

3. RBF fixed features. A 7x5 array of centers covers the normalized state support. The model
uses an intercept, the two affine terms, and 35 Gaussian features of the form Equation (3.12)
with normalized width 0.38.

4. Shallow MLP. A one-hidden-layer network with 24 tanh units learns its features from
normalized (ey, e,). The scalar output is linear and the weights are trained by minibatch
Adam with held-out early stopping.

The four names in bold are the canonical short names used in every table and figure. All
models fit the same standardized target and are transformed back to the original cost units before
evaluation. Hence their metric differences come from architecture and training, not from different
labels or units.

The declared training support is

~105<e; <10, e, < 4.75. (3.50)

There are 1521 training states and 507 held-out states inside this support. The remaining 961
grid states form a shifted test. This split is intentionally geometric rather than random over the
entire grid, so extrapolation is visible.
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Figure 3.9: Original car-following continuation-value comparison. Five panels use the common
log10 (1+J;) color scale: Reference DP target, Quadratic fixed, Structured fixed, RBF
fixed, and Shallow MLP. The sixth panel makes the training, in-support validation,
and shifted-test geometry explicit. None of the four fits reproduces the reference
surface everywhere outside the declared training support.
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3 Parametric Approximation

3.7.3 Prediction quality and decision quality

Each fitted continuation value is inserted into the same one-step model-based minimization used
by the reference calculation. In this experiment, Equation (3.40) becomes

Rogr (x) = OFT(x, @(x)) — min OF" (x, u). (3.51)
Thus prediction and decision are evaluated against the same declared numerical problem.
Table 3.4: Verified Chapter 3 approximation results. ‘Val.” is held out inside the training support;

‘shift’ is outside it. Action match is the percentage of states with the same selected
acceleration as the reference DP calculation.

Architecture RMSE val. RMSE shift Action match val. Action match shift

Quadratic fixed 31.916 116.415 84.6% 93.1%
Structured fixed 17.286 65.463 83.4% 89.9%
RBF fixed 8.321 61.713 66.1% 77.4%
Shallow MLP 5.531 40.991 88.8% 88.9%

Table 3.5: Mean one-step decision regret in reference cost units. Lower is better; zero means
that the selected action is reference optimal.

Architecture In-support validation  Shifted test
Quadratic fixed 0.0294 0.0257
Structured fixed 0.0459 0.0845
RBF fixed 0.6572 9.7711
Shallow MLP 0.1318 0.6629

The Shallow MLP has the smallest value RMSE in both test regions, but the Quadratic fixed
model has the highest shifted action agreement and the smallest mean decision regret: 0.0294
inside the support and 0.0257 on the shifted set. The Shallow MLP’s corresponding regrets are
0.1318 and 0.6629. The RBF fixed model fits values well inside the support yet has substantially
poorer action agreement and a shifted mean regret of 9.7711.

This result is not evidence that extrapolation is harmless. Extreme states in this small problem
often have a wide action margin and a saturated optimal acceleration, so a rough quadratic surface
can preserve the ordering of the five actions despite a large common value error. Near switching
boundaries, the same model makes visible action mistakes. The experiment illustrates the logic
of proposition 3.1: prediction ranking and action margins must accompany RMSE.
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3.7 Mobility Case: A Car-Following Value Surrogate

Predlctlon error depends on distribution

Decision agreement is a separate metric
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Figure 3.10: Prediction and control-facing validation for the car-following experiment. The upper
panels separate in-support and shifted tests. The lower panels compare the reference
stage-zero action with the architecture selected by the smallest shifted decision

regret. Large-action-margin regions can retain the correct decision even when value
RMSE is large.
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3 Parametric Approximation

Implementation note

The experiment is generated by code/ch03_parametric_approximation/
generate_figures.musing base MATLAB only. It writes the value and action
figures, a metric table, all state predictions, and a numerical summary to figures/
generated/. The code is suitable for a guided architecture-comparison exercise; a
graded lab should add a starter version, unit tests, and prescribed held-out scenarios.

3.8 From Fixed Targets to Approximate DP

This chapter held the target fixed to expose architecture and fitting. In approximate DP, target
generation becomes part of the algorithm. The same regression machinery can be attached to
different targets:

Table 3.6: How target construction changes the meaning of the same approximator.

Training target Resulting interpretation

Reference value J (x) Supervised value approximation, as in this chapter.
Bellman target 7.7 Fitted or approximate value iteration.

Policy return from trajecto- Monte Carlo policy evaluation.

ries

Bootstrapped one-step target Temporal-difference policy evaluation.

Sampled Q-Bellman target  Q-learning, SARSA, or DQN depending on target and data
choices.

Actions from an expert or op- Policy approximation by regression or classification.

timizer

For example, a sampled one-step Bellman residual has the form
S(rix,u,w) = gx,u,w) + aJ (f (x,u,w);r) = J(x;r). (3.52)

Minimizing 82 is not the same problem as fitting oracle labels J (x). The target depends on the
current approximation, and its sampling distribution is generated by a behavior policy. These
feedback effects are the subject of Chapter 4.

The same distinction appears in model learning. A one-step dynamics loss fits x;, ;, whereas
a multistep loss may use

H
“CgH(rf) = Z Z Wp ||2s+h|s(rf) - xs+h”2- (3.53)
S h=1

Longer prediction losses expose compounding error but are more expensive and couple the
rollout to the input sequence. Chapter 7 develops this issue for learned mobility dynamics.
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3.9 Evaluation Before Controller Deployment

3.9 Evaluation Before Controller Deployment

“Fit quality” is a common descriptive phrase, but “control readiness” is not used here as a
standardized technical term or as terminology attributed to the cited Bertsekas texts. The durable
question is whether the approximation has been evaluated for its intended controller role. The
following authorial checklist will be reused in later chapters.

Conditions to check

1. Object: Is the fit a value, Q-factor, policy, or model?

2. Target source: Exact calculation, numerical DP, real samples, simulator returns,
or learned-model rollouts?

3. Model use: Was an explicit known or learned model used during training, execution,
both, or neither?

4. Support: What state—action and operating-condition region is represented in the
data?

5. Split: Are complete trajectories and shifted physical conditions held out?

6. Prediction metrics: Are units, weighting distribution, and rare critical regions
reported?

7. Decision metrics: Are greedy-action agreement, regret, closed-loop cost, con-
straints, and computation time checked?

8. Execution: Does the stored object require a model, optimizer, actor, or safety filter
online?

\ J

This checklist does not demand that every architecture be neural or highly expressive. A small
structured model can be preferable when it preserves the relevant action ordering, extrapolates
transparently, and evaluates reliably inside an online optimization.

3.10 Summary

* An architecture, fitting method, and DP/RL target-generation algorithm are distinct design
layers.

* Linear feature architectures can use nonlinear state features and offer transparent regular-
ized least-squares training.

* A finite-action policy can be fitted directly as a classifier; its softmax output may define a
randomized policy or a deterministic maximum-probability action, but it is not a Q-factor.

* Regularization selects a fitted member by adding a declared preference. It may improve
conditioning or generalization, but it cannot repair biased targets or replace closed-loop
validation.

* Neural networks learn the feature map as well as the last-layer weights; they are approxi-
mation architectures rather than complete controllers.
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3 Parametric Approximation

* Backpropagation computes gradients; batch gradient, SGD, minibatch methods, Adam,
and Newton-type methods use those derivatives in different parameter updates.

* Fitting an available target accurately does not establish that the target itself is accurate for
the desired control problem.

* The sampling and weighting distribution define the norm in which a fit is accurate.
Trajectory-level and shifted validation are essential for mobility data.

* Uniform Q-error bounds greedy decision regret, but low value RMSE alone does not
guarantee action agreement.

* In the declared car-following experiment, the architecture with the smallest value RMSE is
not the one with the smallest one-step decision regret; this is a case result, not a universal
ranking of architectures.

* Chapter 4 will attach Bellman, Monte Carlo, temporal-difference, and Q-learning targets
to these architectures.

3.11 Exercises

Exercise 3.1 (Feature matrix and regularized fit). For samples (x*), )) and features ¢ (x) =
[1,x,x2]7, construct ® and derive Equation (3.20). Show how the solution changes when the
intercept is excluded from the regularization matrix L.

Exercise 3.2 (Scaling and conditioning). Fit a quadratic function of speed in m/s and distance
in meters. Repeat after expressing speed in km/h. Compare the condition number of ®'®
before and after standardizing both inputs. Explain why the physical prediction should be
invariant even though the numerical problem is not.

Exercise 3.3 (Finite-action policy classifier). Let 26 = {—1,0, 1} and suppose an online optimizer
labels a collection of states with its minimizing action. Write a three-class linear-softmax
policy, its cross-entropy loss, and its deterministic deployment rule. Explain why the three
scores cannot be interpreted as Q-factors without an additional calibration claim.

Exercise 3.4 (Regularization is a design choice). For a tile-coded policy, compare ordinary
ridge regularization with a first- difference penalty ||LH||2. State which one shrinks all action
levels and which one primarily discourages changes between neighboring tiles. Give one
closed-loop situation in which excessive smoothing would be harmful.

Exercise 3.5 (MLP forward map and parameter count). For the car-following Shallow MLP with
two inputs, 24 tanh hidden units, and one linear output, write the complete forward map and
verify that it has 97 scalar parameters including biases. State which 24-dimensional quantity
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3.11 Exercises

is the learned feature vector in Figure 3.7.

Exercise 3.6 (Minibatch and Adam update). For a two-parameter quadratic loss, calculate one
full-batch gradient step and one minibatch step. Starting with my = vy = 0, then calculate
the first Adam step from Equations (3.35) and (3.37). Explain why bias correction matters at
t = 1 and why Adam does not change a biased training label.

Exercise 3.7 (Noisy target averaging). Suppose a Monte Carlo value label has variance o2 (x).
Derive the variance of an average of M (x) independent returns. Under a fixed total simulation
budget, propose a rule for allocating more returns to high-variance or safety-critical states
and state which regression norm the rule induces.

Exercise 3.8 (Action gap). Prove proposition 3.1 without assuming a unique optimal action.
Construct a three-action numerical example in which value RMSE is large but the greedy
action is always correct, and another in which small RMSE changes the greedy action near a
tie.

Exercise 3.9 (Car-following architecture comparison). Run code/ch03_parametric_
approximation/generate_figures.m. Change the training support, RBF
width, and number of neural hidden units one at a time. Report in-support and shifted
RMSE, action agreement, decision regret, and computation time. Do not select a model using
RMSE alone.

Exercise 3.10 (Trajectory-level validation). Generate car-following trajectories under three
different baseline controllers. Compare a random row split with a split that holds out one
entire controller and one lead-vehicle acceleration profile. Explain which estimate is more
representative of deployment under a changed policy.

Exercise 3.11 (Discrete and continuous Q architectures). For five discrete accelerations, design
a shared-state network with five Q outputs. Then design a critic for continuous acceleration
using Equation (3.15). Compare their action-selection cost, representational restrictions, and
ability to impose acceleration bounds.

Exercise 3.12 (From supervised fit to fitted value iteration). Replace the fixed labels in the car-
following experiment by targets 7! generated from the preceding fit. Track validation error,
Bellman residual, action agreement, and changes in the training distribution. Identify which
new difficulties arise because the target is no longer fixed.
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4 Approximation in Value Space

Chapter 2 established exact value and Q-factor equations and previewed their approximate forms.
Chapter 3 then separated the approximation architecture from the data used to fit it. This chapter
joins those two layers. Bellman, Monte Carlo, and temporal- difference constructions now
generate targets for a value or Q-factor approximator, and the resulting object is used for policy
improvement.

The organizing question is not merely “Which reinforcement-learning algorithm should be
used?” It is

What value-space object is approximated, how is its target generated, and how

does it produce a control?

The answer distinguishes fitted value iteration from policy evaluation, Q-learning from SARSA,
and a stored critic from an executable controller.

Learning objectives

After studying this chapter, the reader should be able to:

1. connect the exact and approximate VI/PI equations of Chapter 2 to fitted and
sample-based algorithms;

2. distinguish representation error, Bellman-target error, sampling error, and policy-
improvement error;

3. derive Monte Carlo, TD(0), multistep, Q-learning, and SARSA updates using the
book’s cost-minimization convention;

4. explain why Q-learning is an asynchronous sampled Q-value-iteration method and
why SARSA is an on-policy evaluation—improvement method;

5. interpret replay, target networks, Double DQN, and dueling networks as modifica-
tions of approximate Q-value iteration;

6. state what tabular convergence results do and do not imply for neural approximators;

7. use an approximate terminal value in rollout or multistep lookahead and interpret
the resulting performance bound;

8. relate value-space approximation to policy-space approximation, actor—critic meth-
ods, and online planning; and

9. audit a learned value method using policy cost, constraints, coverage, and computa-
tion rather than training loss alone.
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4.1 From an Approximation Architecture to an Approximate DP Method

4.1 From an Approximation Architecture to an Approximate DP
Method

A neural network, polynomial basis, or table specifies where a numerical function can be stored.
It does not specify which function should be stored. The same architecture J (x; 8) can be trained
toward an exact reference value, a Monte Carlo return, a one-step TD target, or an optimality
Bellman target. Those choices lead to different algorithms and different claims.

evaluation or optimality question

Target mechanism
DP object model backup, return,

o 7 (o @i (& TD, or sampled

Bellman backup

Representation
—— table, fixed features,
or neural architecture

new xt data distribution fitted value or critic

Policy improvement
greedy action, fitted ac-
tor, or online lookahead

Figure 4.1: Original architecture of a value-space method. Chapter 3 focused on the representa-
tion block. This chapter focuses on the target and improvement loops. A method is
not fully specified until all four blocks are declared.

Table 4.1 locates the main methods before their derivations. “Model use” refers to the backup
or target computation, not to whether a model was used elsewhere to design features, simulate
data, or audit the final policy.

Al/RL terminology bridge

In common Al language, a value network or Q-network is a criftic. A critic trained for
a fixed policy estimates J, or Q,,; a Q-network trained by an optimality target aims at
Q*. Calling both objects “the value” hides an essential difference. Likewise, a critic is
not necessarily an actor. A finite-action Q critic defines an implicit actor by an arg min,
whereas a state-value critic still needs a model-based successor- state comparison or a
separate policy network.

Chapter roadmap

The chapter follows the two loops already present in exact DP. The optimality loop approximates
a Bellman minimum directly; fitted VI and Q-learning belong to this branch. The policy-iteration
loop first evaluates a declared policy and then improves it; MC, TD, approximate PI, and rollout
belong to this branch. DQN modifies the Q-learning implementation, whereas online lookahead
changes how the learned value is used at execution.
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4 Approximation in Value Space

Table 4.1: A first map of value-space methods.

Method Stored object Target source Control produced
Fitted VI J=J* Model-based Bellman  Model-based greedy
optimality target, then = minimization
regression
Approximate PI J u Or 0 u Policy returns or Greedy policy or fitted actor
policy Bellman targets
MC evaluation J p Sampled multistep None until improvement is
return under pu added
TD evaluation J p Bootstrapped sample ~ None until improvement is
under u added
Q-learning _
and DQN 0=Q"* One-step TD Finite-action greedy policy
optimality error, using
a sampled Q-Bellman
target
SARSA o x While p Sampled next action On-policy
changes under the behavior greedy/exploratory policy
policy
Rollout and N
lookahead terminal J plus  Explicit model or Root action of online
online tree sampled forward optimization
search
Sec. 4.2 Secs. 4.5-4.6
fitted VI and sampled Q
fitted Q iteration aﬁgdlgtéi\l
Sec. 4.8
Sec. 4.7 common
rollout and online —> e e
lookahead comparison
Sec. 4.3 Sec. 4.4
MC, TD, approxi-
and linear mate policy
policy evaluation |v- iteration

Figure 4.2: Original chapter map. The upper branch approximates the optimality operator directly.
The lower branch makes policy evaluation and policy improvement explicit. Both
branches can supply a terminal value or a base policy for online improvement.
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4.2 Fitted Value Iteration: Bellman Backup Followed by Projection

This map is also a reading guide. Section 4.3 does not interrupt the path to the main idea
in Section 4.4: it supplies the critic required by approximate policy iteration. Section 4.8 then
revisits both branches on one model so that algorithm names are not confused with differences
in the physical task.

4.2 Fitted Value Iteration: Bellman Backup Followed by
Projection

4.2.1 The generic fitted-VI step

Retain the finite discounted stochastic model of assumption 2.3. Exact value iteration applies
JUD = TJ(@ at every state. Suppose instead that values must lie in a class

F ={J(0):0 € O). 4.1)

Let IT,, denote a fitting operation using a training-state distribution v;. A generic fitted or
approximate VI step is
JD =1, TJO. (4.2)

The notation is compact, but it represents two distinct computations.
First, construct a Bellman target. Its deterministic and stochastic forms are

yet(x) = in_ {gx,u) + aJ D (f (x,u))}, (4.3)
YO(x) = ué%i?x> {g(x,u) +a ;p(x’ | x, u)J @ (x')}. 4.4)

Second, fit the target on samples x'*) ~ v
qi
011 € arg min Y 0 T (x950) - yi (x| + 2,30 (4.5)
s=1
The target depends on the previous approximator, so this is not a static supervised-learning
problem. Approximation error can be regenerated at every iteration and can alter the greedy
action used in the next target.

Equations (4.3)- (4.4) are model-based target constructions. The deterministic form requires
the successor map f; the stochastic form requires the transition probabilities and expected stage
cost. Both also require minimizing over the feasible actions at every sampled training state. A
learned model or a simulator may replace an analytic model, but then model-estimation or Monte
Carlo error must be added to the regression error. The sample-only alternatives that observe one
successor without forming the expectation are developed in Sections 4.3 and 4.5.
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4 Approximation in Value Space

Algorithm lens: Fitted value iteration

Choose an initial approximator and a training-state design. At iteration i, evaluate or
sample an optimality Bellman target on the selected states; fit a new approximator; then
check parameter change, Bellman residual, held-out target error, and the induced policy.
A small change between successive fits does not imply a small Bellman residual: the
projected iteration may have reached a fixed point of II,, 7 rather than of 7.

4.2.2 Approximate Q-value iteration

The Q-factor version uses the operator introduced in Section 2.8.5. For a finite stochastic model,

(ToQ) (x,u) = g(x,u) + a Y p(x’ | x,u) Jmin, Q). (4.6)

Fitted Q iteration is
0t =T, , To0W, (4.7)

where p; is a state—control sampling distribution. With a finite action set, the stored approximation
immediately yields
Ji;(x) € argmin 0 (x,u). (4.8)
u

This execution advantage explains why Q-factor approximation is prominent in model-free RL.
It does not remove the action minimization for a continuous control set; Chapter 6 introduces a
separate actor for that case.

4.2.3 How one-step approximation errors accumulate

The next proposition separates Bellman contraction from implementation error. Itis an elementary
manuscript derivation obtained by perturbing the standard discounted VI contraction, rather
than a separately named theorem. The conceptual source is the approximate-VI development in
Bertsekas (2019, Sec. 4.4) and Bertsekas (2025, Sec. 3.3.1). It is not a convergence guarantee
for an arbitrary regression algorithm.

Proposition 4.1 (Perturbed value-iteration bound). Suppose
j(i+1) = Tj(l) +e; and ||el||OO < E; (49)

under assumption 2.3. Then
n—1
o - g < an O -+ Y anlie,. 4.10)
i=0

If ¢; < &, the second term is at most £(1 — a™) /(1 — a).
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4.3 Policy Evaluation from Sampled Trajectories

Proof. The contraction property gives
D — | < a0 -0+ e
[e¢] [e¢]
Recursive substitution proves the stated bound. Ol

The bound uses a uniform error measured over all states. A least-squares projection usually
controls a distribution-weighted norm instead. Rare but control-critical states can therefore have
large errors even when the training loss is small. Moreover, I1, 7 need not be a contraction in
the fitted norm. These are structural limitations, not merely optimizer tuning issues. The fitted
and approximate DP development here follows the value-space viewpoint in Bertsekas (2019)
and Bertsekas (2025).

4.3 Policy Evaluation from Sampled Trajectories

Value iteration changes the policy implicitly through the minimum in every target. Policy
evaluation asks a different question: for a fixed policy p, estimate

J,x) =E, | a'gl.u.w,)
t=0

Xg = x] . “4.11)

This is the critic step of policy iteration. The data distribution is induced by the initial-state
distribution, the policy, and the dynamics; it is not automatically the distribution required for
safe policy improvement.

4.3.1 Monte Carlo returns

For a sampled trajectory, an N-step return with a terminal estimate is

N-1

G = algpy + aVir(xp). (4.12)
t=0

Here J is a declared terminal evaluator; the subscript prevents it from being confused with the
policy value currently being learned. With J; = 0, a sufficiently long trajectory approximates the
full discounted return. With fT ~J e shorter rollouts can be used, at the price of terminal-target
bias. A tabular every-visit update is

T < T, () + (G =T, (). (4.13)

For a parameterized value, replace the tabular coordinate by the gradient V,J(x;; #) as in
Chapter 3.

The return uses actual sampled costs and transitions, so neither MC nor the TD methods below
require an analytic transition model. In this precise backup sense they are model free. They can
still consume trajectories produced by a model-based simulator, and a later greedy improvement
from a state-value critic may again require a model.
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4 Approximation in Value Space

The plain return is on-policy: it evaluates the policy that generated the actions. If trajectories
were generated by a behavior policy ., but the target is another stochastic policy p, a trajectory
likelihood ratio is RN
puy | x,)

AR 4.14
t=k Hoen (Uy | X;) ( )

Qkik+N-1 =
One simple off-policy regression weights G,((N ) by this ratio, or equivalently uses gj..n_1
as a sample weight. This is importance weighting: it changes averages under the behavior
distribution into averages under the target distribution. It requires support— e (# | x) > 0
whenever u(u | x) > 0—and products of many ratios may have enormous variance. Per-decision
ratios, clipping, or specialized off-policy estimators trade variance against bias; they should be
declared rather than hidden inside the word “replay.” Long returns reduce bootstrapping bias but
can have high variance and delay updates.

4.3.2 One-step temporal difference

TD(0) replaces the unknown continuation value by the current approximator:

yzD =gk+afﬂ(xk+1;0k), 4.15)
one-steﬁ D target

Sk =yiP =T, (x5 04, (4.16)

Orr1 = Ok + 018k Vod (X5 0. (4.17)

Here k is both a physical sample time and an update index because one update is made from each
transition. The update is often called a semi-gradient: the bootstrap target depends on 6, but
its derivative is not followed in Equation (4.17). TD can update before a trajectory terminates
and often has lower target variance than a long return, but it introduces bootstrap bias and can
propagate errors from successor states.

Like MC, this update uses the observed tuple (xz, ug, g, Xz, 1) rather than p(x” | x,u), so
on-policy TD evaluation is model free in its target construction. Unlike MC, it bootstraps. Unlike
Q-learning, it does not contain an optimality minimum and therefore does not improve a policy
by itself.

Worked Example 4.1 (A common trajectory viewed by MC and TD). Consider a fixed policy
on two states with deterministic transitions x° — x! at cost 1 and x! — x! at cost 2, with
a = 0.9. Its exact values are

J,(xh) = =20, J,(xY) =1+0.9(20) = 19.

Suppose the current critic has J e (x!) = 10. The one-step TD target from x? is 1 +0.9(10) =
10. A three-step MC return with zero terminal value is

1+0.9(2) +0.92(2) = 4.42,

which is strongly biased downward by artificial truncation. Using the exact terminal value
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4.3 Policy Evaluation from Sampled Trajectories

after those three costs gives
1+0.9(2) +0.92(2) + 0.9%(20) = 19.

The same observed trajectory therefore supports different targets depending on the bootstrap
and terminal convention. TD needs no transition matrix, but its target inherits the current critic
error. Truncated MC also needs no transition matrix, but its target inherits terminal-value
error. Neither target changes the policy until an improvement step is added.

4.3.3 The continuum between MC and TD(0)

An n-step TD target is

n—1
G = gy + @, (Xpyn: 0). (4.18)
=0
Small n emphasizes bootstrapping; large n approaches a Monte Carlo return. The forward-view
A-return combines all depths,

Gi=(1-20) 26",  o0=<a<l, (4.19)
n=1

with an episodic terminal modification when the trajectory ends. Eligibility traces provide an
online backward-view implementation. For a differentiable critic, an accumulating trace and its
semi-gradient update are

2 = adzg_y + Vol (x5 0), 21 =0, (4.20)
Orr1 = O + 1 Sp2k 4.21)

The trace assigns the current TD error backward to recently active features. At 1 = 0, z;
contains only the current gradient, so Equation (4.21) is exactly TD(0). As A approaches one in
a terminating task, the forward target approaches the Monte Carlo return, subject to the chosen
terminal convention. Thus TD(0) is not a separate family from TD(1); it is its one-step endpoint.
There is also an operator interpretation. Define
TT = (1-2)) 2Tl (4.22)
n=0

Linear TD(A), LSTD(A), and LSPE(A) can be viewed as different numerical routes toward the
projected equation ®r = HVT;,"L ) (®r). Larger A reduces the amount of bootstrapping and can
improve the projected-operator geometry, but commonly raises sampling variance and trace
length. The MC, TD, and trace formulations follow the standard development in Sutton and
Barto (2018, Chaps. 6-7); the signs here use cost minimization rather than reward maximization.
The projected-equation view and the comparison of TD, LSTD, and LSPE follow Bertsekas
(2019, Sec. 4.9).
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4 Approximation in Value Space

Terminology note

“Bias versus variance” is useful but incomplete. A one-step target can have low conditional
variance and still be systematically wrong because its bootstrap value is wrong. A long
Monte Carlo return can be unbiased for the behavior policy yet irrelevant to a different
target policy. Coverage, partial observability, truncation, and policy mismatch must be
reported along with target variance.

4.3.4 Linear TD, LSTD, and projected equations

For J pxr) =¢ (x)Tr, there are two conceptually different fitting routes. A direct method treats
sampled returns as regression labels,
q-1 5
rve € arg min (¢(xk)Tr - G,((N)) : (4.23)
" k=0
An indirect TD method instead tries to make the approximation consistent with its own one-step
continuation. Incremental TD(0) becomes

Te1 = Tk + M () (8 + @ (1) T — () Try ] 4.24)

This equation is the simple critic update that is easily obscured by a deep-RL software stack:
compute one scalar TD error, multiply by the active feature vector, and add the result to the
parameters.

Under declared on-policy sampling and regularity conditions, the associated projected fixed-
point question is

&r=11,T,(®r). (4.25)
The empirical least-squares TD (LSTD) normal equation is
g-1 g-1
Ag= ) b= agpo)T+ Al by= ) drg (4.26)
k=0 k=0
rLstp = Ag'b, (4.27)

where ¢ = ¢ (x;). Here the symbol in the equation is 4., > 0, distinct from the trace parameter
in TD(A). In code one solves the linear system rather than explicitly forming A;l. LSTD solves
an empirical projected Bellman equation; it is not ordinary least squares on fixed independent
labels because the successor feature appears in the system matrix.

Least-squares policy evaluation (LSPE) instead performs a preconditioned projected Bellman
iteration. One batch form is

q-1
Cy= $udl+ Aregl. (4.28)
k=0
g-1
i =1+ 0CoN Yy gk + @l ri— ohri] (4.29)
k=0
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4.4 Approximate Policy Iteration

Unlike LSTD, LSPE retains an iteration index and can warm-start the evaluation of a nearby
policy. Unlike incremental TD, it uses an accumulated feature covariance to scale the residual.
All three use the same one-step policy Bellman relation; they differ in how much sampled
information is accumulated before a parameter update.

Table 4.2: Four linear policy-evaluation routes for the same feature class.

Method Equation targeted Main computation Characteristic tradeoff

MC regression projection of a sampled least squares on G,((N ' no bootstrap; return

return variance and
truncation
TD(0) stochastic projected fixed one rank-one sample low memory; stepsize
point update and ordering
sensitivity
LSTD(0) empirical projected fixed solve A,r = b, no learning-rate
point schedule; matrix
storage and
conditioning
LSPE(0) projected Bellman scaled batch residual ~ warm start and
iteration steps iteration control;

repeated linear solves

These methods preserve the separation learned in Chapter 3: the architecture is linear, while the
target mechanism is MC or TD. For 4 > 0, the same distinction remains after eligibility-weighted
samples replace the one-step statistics. Detailed convergence claims require the sampling chain,
feature rank, weighting distribution, and on/off-policy setting to be stated; the equations alone
do not supply them.

4.4 Approximate Policy Iteration

Exact PI in Chapter 2 alternated an exact solution of J,,. = T, J,, and an exact greedy im-
provement. That algorithm is often impractical for a large or unknown system: solving for all
policy values is expensive, and a newly improved policy may not have a compact representation.
Approximate policy iteration (API) retains the same two-step logic while allowing either step to
be imperfect:

evaluation: Ju,r ~ Ju,- or Qﬂ,- ~ Qu,r’ (4.30)

improvement: ;. (x) € arg min {g(x, u) +a Zp(x’ | x, u)fﬂi(x’)} , 4.31)
u x,

or, with a Q-factor critic,
Hiv1(x) € argmin@,, (x, u). (4.32)
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4 Approximation in Value Space

Evaluation targets can come from model equations, Monte Carlo returns, TD updates, or combi-
nations of them. If the improved policy is too large to store, actions from Equation (4.31) can
become labels for a parameterized actor. That last regression is approximation in policy space;
it is developed in Chapter 6.

This explains the placement of Section 4.3. MC and TD are not competing controllers; they
are alternative implementations of the evaluation block inside API. A complete sample-based
API loop is

1. collect trajectories under p; or a declared behavior policy;
2. fitJ u; OF Q s using MC, TD, LSTD, or another evaluator;

3. form an improved policy from a model-based J minimization, a direct Q minimization, or
a fitted actor;

4. independently audit the candidate and either accept it or collect more data.

The model classification can therefore differ between blocks. For example, TD evaluation
is sample based and model free, while the improvement in Equation (4.31) explicitly uses a
transition model. Q-factor API can make both blocks sample based because the critic already
stores action comparisons.

4.4.1 Evaluation error, improvement error, and the API error region

Two different inaccuracies must not be collapsed into one training loss. Assume a uniform
evaluation error
H‘]ﬂi - Jﬂi”oo <6 (4.33)

and an approximate-greedy error

Tﬂi+1‘lﬂi < T‘]ﬂi +el. (4-34)

Exact minimization gives ¢ = 0. A restricted maneuver search, an incompletely optimized
continuous action, or a fitted actor can make ¢ > 0 even with a perfect critic.

Proposition 4.2 (Discounted API performance region). For the finite discounted model of
assumption 2.3, suppose Equations (4.33) and (4.34) hold at every API iteration. Then
the generated policies satisfy

€+2ad
<

lim sup ”Jui -J*

i—oo
If the policy sequence eventually becomes constant, with policy fi, the stronger bound

€+2ad

T

(4.36)

holds.
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4.4 Approximate Policy Iteration

Proof idea. InsertJ u, between J ;- and the two Bellman operators. Contraction contributes at
most a8 on each side of the greedy comparison, while approximate minimization contributes €.
Resolving the resulting policy-loss recursion produces one factor 1/(1 — «); allowing policies
to keep changing produces a second factor. If the policy becomes constant, its fixed-policy
equation closes the argument without that second accumulation. A full derivation and worst-case
discussion are given in Bertsekas (2019, Sec. 4.6.3); the notation here has been converted to the
conventions of this book. OJ

The first bound describes an error region, not convergence of the policies. Even with a
finite policy set, API may alternate among policies whose evaluation errors reverse a few close
action comparisons. This is one reason a low critic RMSE does not imply monotone policy
improvement. The second bound explains why an observed stable policy is materially different
from an oscillating sequence, although stability alone still does not prove optimality. The factors
involving (1 — a)~! also show why long-horizon problems demand either small uniform errors
or additional structure; the bound is intentionally conservative and may be much larger than
empirical loss.

There is also a local interpretation. If j is exactly greedy with respect to J u and ||f u—Ju HOO <
8, then

TpJ, <J, +2adl, 4.37)
2a6
Jp<J, + ml. (4.38)

Unlike exact policy improvement, these inequalities do not guarantee J; < J,,. They quantify
how evaluation error can consume the improvement margin. A candidate should therefore be
evaluated independently rather than accepted because its critic loss decreased.

4.4.2 Why API is not merely fitted VI with different labels

Fitted VI repeatedly approximates the optimality map J;,, =~ TJ;. API instead freezes a policy
long enough to approximate the affine policy map 7', , and only then changes that policy. The
distinction has practical consequences.

Neither method uniformly dominates the other. Policy evaluation can be easier than global
optimality approximation because it follows one policy’s trajectories, but improvement needs
reliable comparisons for actions that the current policy may rarely take. Approximate VI avoids
an explicit outer loop, but projection is applied to a moving optimality target and the projected
map need not be a contraction. API makes the control step visible, which is useful when a
mobility controller must restrict maneuvers, preserve a baseline, or audit every proposed policy.

4.4.3 The geometric connection to policy iteration and online play

The geometry developed in Chapter 5 gives a second way to read these equations. Each policy
operator 7', J is an affine surface in value space, and the optimality operator 7'/ is their lower
envelope. VI moves from a current value to that envelope. Exact PI selects an active policy surface
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4 Approximation in Value Space

Table 4.3: Direct approximate VI and approximate Pl compared.

Question Fitted/approximate VI Approximate PI
Target object optimal value J* or Q* current-policy value J, or Q.
Target operator nonlinear minimum in every fixed-policy operator during
backup evaluation
Data focus states/actions needed by the occupancy and alternatives
optimality backup relevant to pu;
Control update implicit in every target explicit improvement after
evaluation
Typical risk projection error is re-injected every evaluation and improvement errors
optimality sweep can cause policy oscillation
Useful structure stable projected optimality update  accurate policy-specific evaluator
or rich coverage and meaningful improvement
margin

and jumps to its fixed point; this Newton-like step is the source of its often rapid improvement.
API perturbs both operations: an approximate critic does not lie exactly at the selected policy
fixed point, and an approximate actor may select the wrong active surface.

This view also explains why API is closely connected to rollout. A critic J u, predicts the
distant cost under the current policy. A one-step or multistep online minimization locally selects
a better policy surface before the action is executed. If those improved actions are stored as labels
for a new actor, online play becomes the improvement mechanism of an API loop. Chapter 5
develops this geometry extensively for VI, PI, LQR, and MPC; the present section supplies the
stochastic and approximation-error interpretation needed to use it here.

4.4.4 Optimistic and simulation-based API

Full policy evaluation can be more expensive than another improvement. An optimistic API
scheme uses a finite number of TD, Monte Carlo, or Bellman evaluation steps before updating
the policy. This is the sample-based analogue of modified PI in Chapter 2. Three timescales then
interact:

1. physical transitions generate data;
2. critic updates partially evaluate the current or behavior policy; and
3. policy updates change the distribution that will generate future data.

Fast policy changes can make critic targets stale; slow changes can waste data on a poor policy.
The term “optimistic” here refers to incomplete policy evaluation in the Bertsekas terminology,
not to optimistic initialization or upper-confidence exploration.

Approximate VI can be viewed as an extreme optimistic-PI construction: take only a small
number of evaluation-style updates before changing the greedy policy again. SARSA and actor—
critic implementations make a related timescale choice through the relative frequencies and
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stepsizes of critic and actor updates. Stating this connection prevents “modified PI,” “optimistic
PL,” and “online actor—critic” from appearing as unrelated algorithm families.

4.5 Sampled Q Updates: Q-Learning and SARSA

Q-factors absorb the one-step model comparison into a state—control function. Given a sampled
transition (xy, uy, g, Xx4+1), tabular Q-learning applies

¥ = g+ amin Oy (51, v), (4.39)
Qi1 (X ug) = Qp (X, ug) + 1y [y,? — O (xg, uk)] , (4.40)

and leaves all unvisited entries unchanged. The expected target conditioned on (x, u;) equals
(ToOr) (xg> ug). Q-learning is therefore an asynchronous, sampled version of Q-value iteration
(Watkins and Dayan 1992).

It is also a temporal-difference control method. Its TD optimality error is

82 = g + amin Oy (g, 1.v) — Qg (g g, (4.41)

and Equation (4.40) is simply Q.1 (X, ) = Op (X, uy) + nkég. The word TD is not reserved
for fixed-policy state-value evaluation: it denotes bootstrapping from a later estimate. What
distinguishes Q-learning is that its bootstrap uses an optimality minimum rather than the action
actually selected by the behavior policy.

SARSA samples the next action u;, ; from the current behavior policy and uses

YRRSA = g1 + aQp (Xpy 15 g1 (4.42)
Op1 (g ) = O (o ug) + 1y [YRARSA — Op (o 1) | - (4.43)

Expected SARSA replaces the sampled continuation action by an expectation under the behavior
policy,

yEXPSARSA =grta Z Hoeh (V| Xgi1) Ok (Kgei 15 V) (4.44)

14

Thus SARSA is on-policy when the same evolving policy generates the data and defines the
continuation action. Q-learning is off-policy relative to its exploratory behavior data because it
targets a greedy continuation regardless of which next action the behavior policy takes. “Off-
policy” does not mean “without data from a policy”; it means that the target policy and behavior
policy differ. The distinction is summarized in Table 4.4.

Al/RL terminology bridge

Q-learning is called model free because its update needs a sampled next state and cost
rather than an explicit transition matrix. This does not imply that no model influenced
the simulator, feature design, data collection, or safety filter. Conversely, model-based
fitted Q iteration and model-free Q-learning can use the same Q-network architecture;
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4 Approximation in Value Space

Table 4.4: Sampled Q updates under the cost-minimization convention.

Method Continuation target Policy relation Main interpretation
Q-learning min, Q(x",v) Off-policy Sampled optimality
relative to backup
exploratory data
SARSA O u'), u' ~ ppen On-policy Sampled
policy-evaluation
backup while policy
changes
Expected 2 Hben(V 1 X)O,v) On-policy Lower action-sampling
SARSA expectation variance with known

behavior probabilities

they differ in how the Bellman target is evaluated.

4.5.1 What tabular convergence does and does not say

For a stationary finite discounted MDP with bounded one-stage costs, tabular Q-learning con-
verges under standard stochastic-approximation conditions when every state—control pair is
visited infinitely often and its stepsizes obey

N = 0, Z 17,% < oo, (4.45)
keF (x,u) keF (x,u)

Here J (x, u) is the set of update times for the pair (x, u). These conditions explain why persistent
exploration and pair-specific visit counts appear in elementary implementations.

The statement does not transfer automatically to nonlinear function approximation. One
parameter update changes many state—control estimates; data are correlated; targets move with
the same parameters; and off-policy bootstrapping can be unstable. The combination of function
approximation, bootstrapping, and off-policy learning is often called the deadly triad. 1t is a
diagnostic warning, not a theorem that every such method must diverge.

4.6 Deep Q-Networks as Stabilized Fitted Q Iteration

A deep Q-network (DQN) replaces a table by O(x, u; §) while retaining a finite action set. For a
replayed transition (x, u, g,x”), the basic squared target loss is

yOPN =g 4 ¢ min O, v;07), (4.46)

F(0) = By s | (00 450) - yDQN)z] . (4.47)
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4.6 Deep Q-Networks as Stabilized Fitted Q Iteration

The replay buffer & reuses past transitions and weakens their temporal ordering. The target
parameters 6~ are held fixed for a declared interval or moved slowly, so the regression label
does not change with every online-network update. These devices were central to the DQN
implementation of Mnih et al. (2015); they improve optimization behavior but do not recreate
the contraction proof for arbitrary neural training.

online Q-network
0

1 gradjent update
transition ) periodic olglow copy and regression loss

environment replay buffer ; . Bellman target
—

target Q-network
0-

Figure 4.3: Original DQN computation diagram. Replay changes the data stream; the target
network changes the label timescale. Neither changes the finite- action Q-Bellman
equation being approximated.

4.6.1 Double and dueling modifications

In reward-maximizing notation, using the same estimates to select and evaluate a maximum
can create positive maximization bias. Under the present cost-minimization convention, the
analogous reuse can create a downward minimization bias. Double DQN separates selection and
evaluation:

v* € argmin Q(x, v; 0), (4.48)
\ %
ybouble — o 1 4 O(x", v*; 07). (4.49)

The online network selects the action and the target network evaluates it (Hasselt et al. 2016).

The two lines have deliberately different jobs. In Equation (4.48), the online parameters
answer the discrete decision question “which continuation action currently looks best?” In
Equation (4.49), the delayed parameters attach a numerical cost to that already selected action.
Basic DQN instead uses min, Q(x’,v; 07), so the same noisy target-network outputs both choose
and score the minimum. Separation reduces, but does not eliminate, selection bias. It also does
not create two independently trained optimal Q-functions; the target network remains a delayed
copy.

For example, if the online outputs at x” are (4,3, 5) and the target outputs are (2, 6,7), Double
DQN selects the second action and evaluates it as 6, whereas basic DQN uses the target-network
minimum 2 from the first action. The discrepancy is not an algebra error: it is exactly the
selection— evaluation separation. Under cost minimization, noisy minima tend to be too low;
under the reward-maximizing convention, noisy maxima tend to be too high.
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4 Approximation in Value Space

A dueling network changes the output architecture, not the Bellman target. It represents a state
value and relative action advantages, for example

~

1
Olx,u) = V(x) + A(x,u) — o ZA(x,v). (4.50)

The centering resolves the non-identifiability of adding a constant to V and subtracting it from
every advantage. This architecture can share state-value information across actions when many
actions have similar consequences (Wang et al. 2016).

To interpret the word advantage under cost minimization, define for a policy u

A, (xu) =0, u) —J,(x). 4.51)

It measures the excess cost of taking u once and then following u, relative to following u
immediately. For a deterministic policy, A 4 (x, u(x)) = 0; a negative value identifies a one-step
improvement over the current policy. For the optimal functions,

A*(x,u) = Q*(x,u) —J*(x) =0, muinA*(x,u) =0. 4.52)

Only differences across actions affect the greedy decision. This motivates approximating Q
differences or advantages when a large state-dependent offset is harder to learn than the action
ordering, an idea developed as advantage updating in Bertsekas (2025, Sec. 3.3.6) and in the
earlier Q-factor treatment of Bertsekas (2019).

The dueling-network stream A (x, u) should nevertheless be interpreted with care. Mean
centering in Equation (4.50) is an identifiability choice; it does not enforce the policy identity
A, (x, p(x)) = 0or the optimal identity min, A*(x,u) = 0. Dueling DQN and advantage
updating are related through their focus on action differences, but they are not identical algorithms.

Control viewpoint

DQN is natural for a finite maneuver or mode library: lane change left, keep lane, lane
change right; charge, hold, discharge; or a finite set of motion primitives. A steering
wheel or motor torque is physically continuous. A DQN controller for that variable either
discretizes it or selects a finite primitive. Keeping a continuous action requires an inner
minimization of a structured Q-function or a policy-space actor such as those developed
in Chapter 6.

4.7 Online Improvement with a Terminal Value

The previous methods usually execute a stored greedy policy. A different use of a value approx-
imation is to place it at the leaves of an online planning problem. Given a state x;, an ¢-step
stochastic lookahead computes

-1 _

min B a'8 (X 1 (Xpsr)s Wiear) + €T (X0
Hos--o5 o1 =0

xk] (4.53)
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and applies only the first control. In operator form its root value is 7°J. The terminal approxima-
tion compresses the distant future; the online Bellman steps recompute near-term actions using
the current state and model.

Proposition 4.3 (Greedy policy induced by an approximate value). Under assumption 2.3,
suppose |J —J*| _ < e. Let [i be greedy with respect to J. Then

. 20
Vi =7l =

<. (4.54)

If i, is the first-stage policy from exact 0-step lookahead with terminal J, then

2at
<
o 1-a

Vz -

3 (4.55)

Proof. The greedy relation is TﬁJN = TJ. Add and subtract the two operators evaluated at J* to
obtain
||TI7J* - J*||oo <2ae.

The residual bound for the contraction 77 gives Equation (4.54). For €-step lookahead, the
first action is greedy with respect to T%~1J, whose distance from J* is no greater than a* !s.
Substitution into the one-step result proves the second bound. U

The powers of a explain why exact lookahead can attenuate terminal- value error. They do not
account for an approximate model, restricted action search, Monte Carlo tree error, or real-time
truncation. Each of those adds a separate error source. Nor does the bound say that deeper search
is always worth its computation.

4.7.1 One horizon notation for lookahead, rollout, and a terminal critic

Three depths are often mixed in prose. It is clearer to separate them:
1. the first € stages are optimized online;
2. the next m stages follow a declared base policy fipag.; and

3. alearned or designed terminal evaluator J; represents everything beyond those simulated
stages.

The effective continuation value for the root decision is

Jom =TT T, (4.56)
and the executed policy satisfies
Ty, Jom =Tl (4.57)

This compact operator expression covers several familiar designs without pretending that their
computation is identical.
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simulate m stages terminal critic

optimize € stages Xl
— -
under Hbase J T

online

Nie+0+m
—

(s

actions are re-optimized actions are prescribed

Figure 4.4: Original horizon decomposition for online value-space control. Pure lookahead,
rollout, and actor-plus-critic search differ in which blocks are present and how their
expectations are computed.

For a discounted policy operator, truncating the base-policy continuation has a transparent

terminal-error relation:

HT J

< g™ ”jT—J

ZlbaseJT - Hbase Hbase (458)

[ee) [ee) ’
Thus a longer base rollout attenuates a bounded terminal-critic error, but its simulation cost
and stochastic variance grow. Additional optimized lookahead can then attenuate the remaining
value error as in Equation (4.55). These statements assume exact operators; finite Monte Carlo

samples, model mismatch, and pruned action sets contribute additional errors.

Table 4.5: Common online uses of a value-space approximation.

Variant Root evaluator What is optimized Main caution

online

One-step greedy J; state-value critic still
requires successor

prediction

current action only

¢-step lookahead 7% 'J; first € actions/policies branching and model
error grow with depth
Pure rollout it current action against exact infinite-horizon
exact base value value is usually
theoretical
Truncated rollout TZlbasejT current action; then m terminal bias and
base steps Monte Carlo variance
must be reported
Combined search T !'T7  Jr ¢ optimized stages; m computation,

base stages

approximation, and
search errors coexist
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4.7.2 Rollout as policy improvement

Let upq.6 be a base policy. Pure one-step rollout uses its exact value as the terminal evaluator:

[iro(x) € argmin {g<x, w+a) p | xul, (x’)} . (4.59)
u .X,
By the exact policy-improvement theorem, J,, <J, .1IfJ,  isreplaced by a finite Monte

Carlo estimate or a learned critic, the exact monotonic guarantee is lost and Equation (4.38)
becomes the relevant qualitative warning.

The exact J,, _ in Equation (4.59) is an infinite-horizon mathematical object. It can be
available analytically in a small finite model or for a structured controller such as LQR, but
one cannot generally obtain it by literally simulating an infinite trajectory. A practical rollout
therefore truncates after m base-policy steps and uses

m
On(x.u) = Blgo+ Y alg,+ @™ p(x,e) | X0 =Xt = 1t = flpgee(x,) [ (4.60)
t=1
For deterministic dynamics, one trajectory evaluates each candidate action. For stochastic
dynamics, the expectation is normally estimated with multiple rollouts. Using common dis-
turbance samples across candidate actions can reduce the variance of their differences, which
matters because the controller selects an ordering rather than an absolute value (Bertsekas 2025,
Secs. 2.7.3-2.7.4).

Rollout is therefore finite horizon in its online implementation even when it approximates
policy improvement for an infinite-horizon problem. The terminal critic closes the truncated
horizon, and the controller repeats the calculation at the next physical state. This receding-horizon
interpretation is the direct bridge to MPC.

Rollout provides a direct connection between offline RL and online control: the base policy
supplies a default continuation, the critic scores leaf states, and an online model-based search
improves the action actually sent to the system. Chapter 5 develops the geometry extensively and
shows how the same relation appears in LQR and MPC.

Algorithm lens: Truncated stochastic rollout at one state

For each admissible root action, simulate the root transition and then follow g, for m
steps. Add the discounted terminal critic, average repeated stochastic trajectories, and
select the action with the smallest estimated cost. Apply only that root action. Record the
candidate set, horizon, number of samples, terminal evaluator, random-number coupling,
worst-case runtime, and fallback action. Without those declarations, “rollout” does not
specify an executable controller.

4.8 Mobility Case: A Common Lane-Keeping Comparison

This section returns to the stationary stochastic lane-keeping MDP of Section 2.9. Reusing the
same nine states, three steering actions, disturbance distribution, stage cost, and discount factor
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Table 4.6: Offline and online roles of a value-space object.

Use Offline requirement Online requirement

Stored Q policy Train O and validate action Evaluate all finite-action outputs
ordering and take arg min

One-step value Train J Evaluate model successors and

greedy minimize one-step cost plus J

Multistep Train terminal J and possibly a Build or sample a tree, optimize

lookahead base policy root action, meet a time budget

Parameterized actor Train or distill 7 One forward pass, plus declared

safety or constraint layer

is deliberate. Chapter 2 used the model to compare exact algorithms. Here the physical problem
is held fixed while the representation and target mechanism change.
The normalized variables are

eec{-4,...,4}, ue{-1,0,1}, Pr(w =-1,0,1) = (0.10, 0.60, 0.30), 4.61)
with
er+1 = clipleg + uy +wy, —4,4), gle,u) = e +0.20u?, a = 0.95. (4.62)

The exact transition matrix is retained by the author as an audit model. It is visible to exact and
fitted VI, but it is not supplied to the MC, TD, or Q-learning updates.

4.8.1 Six computations, one declared model and data source
The experiment performs the following computations.
1. Exact VI reference. Synchronous model-based VI computes all nine values and all 27

state—action comparisons.

2. Exact PI reference. Starting from the zero-steering base policy, exact linear-system
evaluation and exact model-based greedy improvement are alternated until the policy stops
changing. This exposes the evaluation—improvement loop that exact VI hides inside every
backup.

3. Fitted VL. The value is compressed to four coefficients,
Jlesr) =rg+riz+ 12 +r375, z=e/d, (4.63)

and each exact Bellman target is projected by ridge-regularized least squares. This is
representation approximation with a known-model target.

4. MC and TD(0) policy evaluation. Both methods first evaluate the same myopic zero-
steering policy from sampled transitions. Thirty seeds, uniformly randomized episode
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starts, 250 episodes, and 100 transitions per episode are used. MC processes one long
return from each randomized episode start; TD(0) updates after every transition. These
curves compare critics, not controllers.

5. One-step and repeated approximate PI. Each final MC or TD critic is passed through
one exact-model greedy improvement. This deliberately mixed design has model-free
evaluation and model-based improvement. The resulting candidate policies are evaluated
independently by the audit model over all initial states. A second experiment repeats this
loop for four improvement rounds, using 500 episodes per evaluation and 20 independent
seeds. It separates an evaluator’s data error from the number of policy-improvement
cycles.

6. Tabular Q-learning. Thirty seeds each use 30,000 sampled transitions, decaying e-greedy
exploration, occasional state resets for coverage, and pair-specific diminishing stepsizes.
There is no function approximation here: the approximation is asynchronous and sample
based.

No DQN is trained on this nine-state problem. A neural Q-network would add optimization
and hyperparameter effects where a 27-entry table is already an exact representation. The small
experiment is used to verify the Bellman and sampling logic; DQN becomes meaningful when
the state observation is too large or structured for a table.

This design makes two orthogonal axes visible. Fitted VI approximates the representation
but uses complete model backups. Tabular Q-learning has an exact table representation for the
finite MDP but approximates the Bellman expectation through samples. The MC/TD branch
adds a third distinction: policy evaluation can be model free even when the subsequent J-based
improvement is model based.

The four panels of Figure 4.7 answer different questions. The upper-left panel checks whether
two sampled evaluators recover the value of the same fixed base policy; it is not an optimal-
control comparison. The upper-right plots that evaluation RMSE against sampled transitions,
with one-standard-deviation bands over seeds. The lower-left measures Q-learning’s numerical
error over all state—action entries. The lower-right measures what matters after taking an arg min:
action agreement and the true closed-loop cost gap. The last two quantities can reach their useful
values before every Q entry is highly accurate.

Likewise, Figure 4.5 separates representation from control. Its upper-left panel compares
exact tabular values with a four-coefficient polynomial; the upper-right compares the induced
actions. The lower-left shows that iterate change and Bellman projection residual are not the
same diagnostic. The lower-right evaluates frozen policies under one common audit model.
Reading only one panel would support a narrower claim than the experiment actually tests.

4.8.2 What the numerical result establishes

Table 4.7 reports true discounted policy costs from the audit model. Fitted VI has a value RMSE
of 19.94 relative to J*, yet its greedy policy agrees with the exact policy at all nine states. This
is a small case-specific example of the action-ordering distinction developed in Chapter 3; it is
not evidence that a large value error is generally harmless.
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Nine tabular values versus four coefficients Policies induced by different value-space methods
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Figure 4.5: Original value-space comparison on the lane-keeping MDP. Fitted VI represents nine
state values with four coefficients. Its iterate change can vanish while a projection
residual remains. Policies are evaluated by the same exact audit model after training;
that audit does not retroactively make the sample-based Q-learning update model
based.
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4.8 Mobility Case: A Common Lane-Keeping Comparison
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Figure 4.6: Original policy-iteration comparison from the common zero-steering base policy.
The left panel reports exact PI after each accepted improvement. The right panel
repeats sample-based evaluation and model-based greedy improvement for the same
four rounds. Curves are means over 20 seeds and shaded bands are one standard
deviation. A single improvement should be compared with the first exact-PI point,
not with converged PI.
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Figure 4.7: Original sample-based evaluation and Q-learning results. MC and TD(0) evaluate the
same fixed myopic policy, whereas Q-learning applies a sampled optimality target
and changes the greedy policy. Curves report means over 30 seeds; shaded evaluation
bands show one standard deviation.
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4 Approximation in Value Space

Table 4.7: Verified lane-keeping value-space results. Policy cost is averaged uniformly over the
nine initial states.

Method Stored DOF Action agreement  Mean policy cost
Exact VI 9 values 100% 21.097
Exact PI, one 9 policy values 66.7% 75.225
improvement

Exact PI, four 9 policy values 100% 21.097
improvements

Fitted VI 4 coeflicients 100% 21.097
MC-critic API, 30-seed 9 policy values 68.5% 68.971
mean

TD-critic API, 30-seed 9 policy values 66.7% 75.225
mean

MC-based API, 9 policy values 98.9% 21.612
four-round mean

TD-based API, 9 policy values 100% 21.097
four-round mean

Q-learning, 27 Q entries 100% 21.097
representative seed

Myopic base policy 9 actions 11.1% 178.884
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4.9 A Linear-Programming View of Value Approximation

Exact PI reaches the same policy as exact VI after four improvements from the base policy. Its
first improvement has cost 75.225. The one-step TD-based candidate has exactly the same cost
and action agreement in this experiment: the apparently high number is therefore not primarily a
TD failure. It is the expected intermediate point after improving a deliberately poor base policy
only once. The lower one-step MC mean does not imply a more accurate evaluator; sampling
error causes some seeds to jump to a different policy that happens to have lower audited cost.

When evaluation and improvement are repeated four times, TD-based API reaches the exact
policy in all 20 runs. MC-based API reaches 98.9% mean action agreement and mean cost
21.612, close to the optimum 21.097. Thus more episodes can reduce critic variance, but tuning
the evaluator alone cannot make one exact PI step equal converged PI. The structurally relevant
changes are to repeat policy improvement or to perform deeper online lookahead, as developed
in Sections 4.4 and 4.7. Approximation is not intrinsically responsible for the gap shown after
one cycle.

Across the 30 Q-learning runs, final action agreement is 100% and the mean true-cost gap is
numerically zero at the reported precision. Q RMSE remains nonzero because all 27 numerical
entries converge more slowly than the action ordering required by the policy. For evaluation of
the myopic policy, the final mean RMSEs are approximately 8.19 for MC and 4.30 for TD(0)
with the declared finite data budget. The policies after one model-based improvement have
mean costs 68.97 and 75.22, respectively. In this run the MC critic has worse value RMSE but
produces the better one-step candidate. This is not a contradiction: policy improvement depends
on action ordering through successor values, not on uniform numerical accuracy alone. Both
candidates substantially improve on the base cost 178.88, while neither should be read as the
final performance of a repeated approximate-policy-iteration method.

This finite experiment does not establish that MC or TD is uniformly better: the ranking depends
on trajectory length, stepsize, initialization, mixing, terminal truncation, and the improvement
rule. It does establish a more modest point that is central to the chapter: critic evaluation,
policy improvement, and final controller audit are separate computations and should be reported
separately.

Implementation note

The base-MATLAB script generate_figures .m is stored in the Chapter 4 code
directory. It records seeds and writes the plotted statistics to CSV. The audit model is used
to calculate reference values and true policy costs after training. Students can remove the
audit calls and still run MC, TD(0), and Q-learning from the transition sampler, but they
will then lose exact numerical verification.

4.9 A Linear-Programming View of Value Approximation

Bellman iteration is not the only way to characterize J*. For a finite discounted cost problem,
the inequalities

J(x) £ gx,u) + a Zp(x’ [ x,u)J(x), for every (x, u), (4.64)
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4 Approximation in Value Space

imply J < TJ. Monotonicity and repeated application of T then imply J < J*. Consequently, for
any strictly positive weights c¢(x), the exact value is the solution of

max Z c(x)J (x) (4.65)

X

subjectto  J(x) < g(x,u) + a Zp(x’ [x,u)J(x")  Y(x,u). (4.66)

The maximization selects the largest Bellman-inequality lower bound.
For a linear architecture J(x;r) = ¢(x)7r, approximate linear programming reduces the
number of decision variables but not automatically the number of constraints:

max Y c(x)p()Tr, (4.67)
xe&
subject to ¢ (x)Tr < g(x,u) +a Y p(x’ | x,w)p()Tr (x,u) €F. (4.68)

X

Representative state—control constraints € may be sampled and then enriched where violations
are found. The method makes global Bellman inequalities explicit, but constraint coverage
becomes its analogue of data coverage. If important constraints are omitted, feasibility on the
sampled set is not a global lower-bound certificate. This subsection retains the LP connection
from the prior course notes while keeping fitted and sample-based Bellman methods as the
chapter’s main path.

The weights c(x) > 0 do not change the exact finite-model optimizer, but after restricting
J to an approximation architecture they specify where a large lower bound is preferred. They
therefore play a role analogous to a state-relevance distribution. A practical constraint-generation
loop starts with a manageable set %, solves the approximate LP, searches a larger audit set for the
most violated Bellman inequality, and adds that state—action pair before resolving. Termination
with no sampled violations is an empirical audit, not a global certificate unless the search itself
is exhaustive or has a separate bound.

Approximate LP is included because it exposes a qualitatively different control approximation:
fitted VI minimizes a regression discrepancy, whereas ALP preserves selected one-sided Bellman
inequalities. That structure can be valuable when lower bounds or dual occupancy interpretations
matter. It is not developed into a primary learning algorithm here because very large or continuous
spaces move the difficulty from value variables to constraint generation. The detailed course
path therefore returns to sampled critics, API, and online improvement after establishing this
connection.

4.10 Value Space and Policy Space Are Complementary Axes

Chapter 2 introduced approximation in value space and policy space as two different placements
of limited computation. They should not be treated as competing names for the same method. A
controller may approximate either object, both, or neither.

DON primarily occupies the value-only row: its finite-action Q-network defines an implicit
policy. PPO primarily improves a parameterized stochastic policy while also using a value critic
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4.11 Conditions, Failure Modes, and Deployment Checks

Table 4.8: Where approximation enters and what remains at execution.

Design Approximate objects Execution mechanism

Value only J or finite-action 0 Model-based minimization for J,
direct finite arg min for Q

Policy only 1(x) Direct actor output; no critic is
required at execution

Actor—critic 1 and Q u Or J L Actor executes; critic trains or

evaluates the actor
Critic plus lookahead terminal J or O and optionally a Online model-based or sampled

base actor planning improves the root action
Exact online control  No learned value or actor Analytic minimization or
numerical MPC from a declared
model

during training. TD3 and SAC approximate both a continuous actor and Q critics. From this
book’s viewpoint, all can be located by answering three questions:

1. Which policy is being evaluated by the critic target?
2. How is the new policy improved and represented?
3. Is another improvement performed online through a model, lookahead, or safety layer?

Chapter 6 develops the second question. Chapters 5 and 8 develop the third. The first question
is answered in Sections 4.3 and 4.4: MC and TD evaluate a declared policy, API changes that
policy between evaluation phases, and Q-learning bypasses fixed-policy evaluation by targeting
0.

Appendix C provides self-contained algorithm cards for DQN, PPO, TD3, and SAC, including
their actor, critic target, data relation, and cost/reward translation. Chapter 1 will later retain
only a short orientation to these names. This division preserves Chapter 1’s main purpose—
motivating learning-based control—while giving a reader without prior DRL coursework a
nearby technical reference. It also preserves the DP structure while connecting it to the algorithm
names students encounter in a standard deep-RL course.

4.11 Conditions, Failure Modes, and Deployment Checks

Value-space approximation can fail even when the code runs and the training loss decreases. The
checks below identify which claim is at risk.

Conditions to check

1. Object: Is the target J,,, Q,,, J*, or Q*? A behavior-policy return is not an opti-
mality target.
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4 Approximation in Value Space

\.

10.

. Markov information: Does the critic input contain the state information needed

for the declared Bellman equation? A frame, short history, or RNN hidden state
must be justified rather than assumed sufficient.

Coverage: Which states and actions are visited? Greedy data collection can leave
alternative actions unevaluated exactly where policy improvement needs them.

Backup: Is the expectation computed from a model, one sampled successor, or a
replay distribution? State what “model free” means for that computation.

Bootstrapping: How are target parameters delayed or separated from online pa-
rameters? Check for moving-target instability.

. Off-policy correction: Does the target correspond to the behavior policy, a target

policy, or an optimality operator? Reuse is not automatically unbiased.

. Decision quality: Report action agreement, decision regret, true or simulated

closed-loop cost, and constraint violations in addition to value RMSE or TD loss.

Continuous action: Identify whether action discretization, numerical minimization,
or a separate actor produces the actual command.

. Online budget: For rollout or lookahead, report depth, branching, sample count,

worst-case computation, and fallback action.

Safety claim: A Bellman loss, replay buffer, or target network supplies no constraint
guarantee by itself.

J

Control viewpoint

The mobility engineer should maintain two evaluation paths. The learning path generates
critic targets from the available data. The audit path evaluates the frozen induced policy
under independent trajectories, shifted conditions, and constraint checks. When a trusted
model exists, it may be used in the audit even if the learned backup was model free. That
is verification, not a change to the training algorithm’s classification.

4.12 Chapter Summary

* Chapter 3’s approximators become value-space methods only after a DP or RL target-
generation mechanism and a policy-improvement mechanism are attached.

* Fitted VI alternates a Bellman optimality backup and a projection. Contraction of T alone
does not guarantee contraction of an arbitrary projected or trained update.

* MC estimates policy returns from long samples; TD bootstraps from a current value;
multistep and A returns interpolate between these endpoints.

* Q-learning is sampled asynchronous Q-value iteration. SARSA performs on-policy Q
evaluation and improvement. Their targets differ even when they use the same table or
network.
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4.13 Exercises

* DQN retains the finite-action Q-Bellman target and adds replay, a target network, and
neural approximation. Double and dueling variants alter target evaluation and output
structure, respectively.

* An approximate terminal value can be used by a stored greedy policy or by online looka-
head. Exact lookahead attenuates terminal-value error under strong assumptions and
connects value learning to MPC.

* Value-space and policy-space approximation are complementary. Modern actor—critic
algorithms approximate both and may still be combined with online model-based improve-
ment.

4.13 Exercises

Exercise 4.1 (Fitted VI error propagation). Starting from Equation (4.9), prove Equation (4.10)
by induction. Evaluate the steady upper bound when ¢ = 0.95 and £ = 0.1. Explain why the
factor 1/(1 — @) makes small per-iteration errors important in long-horizon problems.

Exercise 4.2 (Projection fixed point versus Bellman fixed point). Construct a two-dimensional
value vector and a one-dimensional approximation subspace for which J = TI7J but J # TJ.
Identify the iteration-change residual and the Bellman residual.

Exercise 4.3 (MC and TD targets). For a three-transition trajectory with costs 2, 1,4, dis-
count 0.9, and terminal estimate J. r(x3) =5, calculate the three-step return from x and the
TD(0) target when the current estimate at x; is 6. State which target depends on the current
approximartor.

Exercise 4.4 (Linear TD and LSTD). Using two-dimensional features, collect five transitions
from a declared fixed policy. Form the empirical matrix and vector in Equation (4.27).
Compare the LSTD solution with 100 incremental TD(0) passes under two stepsizes. Discuss
conditioning and ordering effects.

Exercise 4.5 (Q-learning versus SARSA). Write one numerical update of Equation (4.40) and
one of Equation (4.43) for the same sampled transition. Choose a next exploratory action that
is not greedy and show exactly where the targets differ.

Exercise 4.6 (Double target under cost minimization). Suppose the online next-state Q outputs
are (4,3, 5) and the target-network outputs are (2, 6,7). Compute the DQN and Double-DQN
continuation values. Explain why the direction of selection bias is reversed when moving
from reward maximization to cost minimization.
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4 Approximation in Value Space

Exercise 4.7 (Dueling identifiability). Show that Q(x,u) = V(x) + A(x,u) is unchanged if a
scalar is added to V and subtracted from every A (x, u). Verify that the mean-centering term
in Equation (4.50) removes this degree of freedom.

Exercise 4.8 (Reproduce the lane-keeping comparison). Run the Chapter 4 MATLAB script.
Plot each of the 30 Q-learning policy-cost gaps rather than only their mean. Then remove
random state resets and explain the change through state—control visitation counts. Do not
use the audit transition matrix inside the learning update.

Exercise 4.9 (Terminal value and lookahead depth). For ¢ = 0.95 and & = 2, calculate the
bounds in Equation (4.55) for ¢ = 1,2, 5, 10. If computation grows as |2, explain why the
bound alone cannot choose a real-time horizon.

Exercise 4.10 (Value versus policy approximation for slalom). Consider a slalom task with a
finite preview window and continuous steering. Propose (a) a value-space design with online
lookahead, (b) a policy-space actor, and (c) an actor—critic plus lookahead design. For each,
state the Markov state, training target, action-generation mechanism, model use, and shifted
validation conditions.

Exercise 4.11 (Approximate linear programming). Write the exact Bellman-inequality LP for the
nine-state lane-keeping MDP. Then substitute the four-feature architecture in Equation (4.63)
and retain only half of the state—action constraints. Check the omitted constraints afterward
and explain why sampled feasibility is not a global certificate.
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5 LQR and MPC Through the DP Lens

After studying this chapter, the reader should be able to:
1. derive finite-horizon LQR by backward dynamic programming;

2. interpret the algebraic Riccati equation as Bellman’s fixed-point equation restricted
to quadratic value functions;

3. explain why an exact infinite-horizon terminal value makes finite lookahead exact;
4. distinguish an approximate terminal value from the true cost of the policy it induces;

5. explain the geometric and Newton-type interpretation of greedy policy improve-
ment,;

6. interpret receding-horizon MPC as online multistep lookahead;

7. state standard terminal-cost and terminal-set conditions for recursive feasibility and
stability; and

8. connect the analysis to a linearized vehicle lateral-control problem.

Chapter roadmap

LQR supplies a setting in which every DP object can be written explicitly. The chapter begins
with finite- and infinite-horizon Riccati equations, then uses terminal approximations to introduce
lookahead. A geometric section compares VI, PI, and rollout before the same ideas are carried
to a scalar laboratory, lateral regulation, and constrained MPC.

Secs. 5.8-5.10

Secs. 5.2-5.3 Secs. 5.4-5.5 Secs. 5.6-5.7 i )

) . . o vehicle regulation
finite recursion and terminal value and geometric view and d
infinite fixed point finite lookahead scalar laboratory and con-

strained MPC

Figure 5.1: Original map of Chapter 5. The terminal-value/lookahead block is the bridge from
offline value approximation to online MPC-style improvement.
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5 LOR and MPC Through the DP Lens

5.1 Why Return to a Linear—Quadratic Problem?

The preceding chapters move from exact dynamic programming to value-function approximation.
Returning to LQR at this point is not a retreat to an easier subject. It is a controlled experiment.
Bellman operators act on functions and are therefore difficult to draw. In LQR, the relevant
functions are quadratic, so the Bellman operation becomes a Riccati operation on matrices. In
a scalar problem it becomes a curve on a plane. Approximate values, greedy policies, policy
costs, value iteration, and lookahead can then be compared without hiding the mechanism inside
a neural network or a nonlinear solver.
This solvable structure also exposes the central distinction of the book:

An approximation may be computed offline, while the action actually applied to the
system is obtained by a fresh online minimization.

The distinction is central to the value-space interpretation developed by Bertsekas (2019),
the online-play viewpoint of Bertsekas (2022), and the unified discussion in Bertsekas (2025).
Our derivations and numerical figures are original to this chapter; the cited sources provide the
broader conceptual and technical context.

Control viewpoint

LQR is usually introduced as a closed-form optimal-control design. Here it also serves as
a transparent DP model: the Riccati recursion is value iteration on a structured function
class, and a finite-horizon controller is a lookahead policy.

5.2 Finite-Horizon LQR Is Backward Dynamic Programming

Consider the time-invariant discrete-time system
Xkl = Axk + Buk, X, € Rn’ U, € Rm’ (51)

and the finite-horizon cost
N-1

Jo(Xos Ugs v s Un_1) = X\SXN + Z (xTOx; + ufRuy) . (5.2)
k=0

Assumption 5.1 (Finite-horizon weights). The matrices satisfy Q > 0, S > 0, and R > 0.

Let J; (x) denote the optimal cost from stage k to N. Bellman’s recursion is

J (x) = min {xTOx + u"Ru + J, | (Ax + Bu)}, Ji(x) = xTSx. (5.3)

Suppose J; ; (x) = x"Py,1x. Completing the square in u gives
K(P) = (R+B'PB)” BTPA, (5.4)
F(P)=Q+A"PA-A"PB (R + BTPB)_1 BTPA. (5.5)
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5.3 Infinite-Horizon LOR as a Fixed-Point Problem

The minimizing control and the backward recursion are therefore

u;;:—K(PkJr])xk, szg(Pk+l)’ PN=S (56)

Proposition 5.1 (Quadratic closure under the Bellman operation). Under assumption 5.1, if
the terminal value is quadratic, then every finite-horizon value function is quadratic. In
particular, J§ (x) = x"Pyx with Py generated by Equation (5.6).

Proof. The terminal statement holds with P, = S. If the statement holds at k + 1, the expression
minimized in Equation (5.3) is a strictly convex quadratic function of u because R+B"P; B > 0.
Its unique minimizer is Equation (5.4), and substitution produces Equation (5.5). Backward
induction completes the proof. O

This is exact DP, but its tractability comes from structure. For a generic nonlinear system, the
Bellman operation does not preserve a finite-dimensional family of functions. LQR is special
because the quadratic family is closed under the Bellman operation. Standard treatments include
Anderson and Moore (2007) and Bertsekas (2019).

5.3 Infinite-Horizon LQR as a Fixed-Point Problem

Now consider the undiscounted cost

(&S]

J(xgs ) = Z (x,l-ka + uZRuk) , u = p(xg). (5.7)
k=0

Assumption 5.2 (Stabilizing infinite-horizon solution). The pair (A, B) is stabilizable, and the
state penalty detects all unstable uncontrolled modes; a standard sufficient statement is that
(Q1/2,A) is detectable. Also Q > Oand R > 0.

Under these conditions, the stabilizing solution P, > 0 of the discrete algebraic Riccati
equation (DARE)
P, =% (Py) (5.8)

defines
J*(x) = x"Px, u=-K_x, K., =K(P.). (5.9

The closed-loop matrix A — BK, is stable.
Equation (5.8) is Bellman’s equation restricted to quadratic value functions. Consequently,
the matrix iteration
P = F(PD) (5.10)

is value iteration within that family. The algorithmic index i is deliberately different from the
physical time k.
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5 LOR and MPC Through the DP Lens

Policy iteration is visible as a different pair of matrix operations. Given a stabilizing feedback
u = —KWx, policy evaluation solves the Lyapunov equation

PO =Q+ KO'RKD 4+ (A-BKD)TPW (A - BK), (5.11)

and policy improvement sets
K+ = g(p®), (5.12)

Terminology note

The matrix Q in LQR is a state-cost weight. A Q-factor in RL is a function of state and
action. The shared letter is historical and context dependent; the two objects should never
be identified.

5.4 Terminal Values and Finite Lookahead

The terminal matrix S in a finite-horizon problem is not merely a numerical boundary condition.
It represents everything that the planner believes about the cost after its explicit horizon. This
interpretation yields an exact and important result.

Indeed, repeated application of Equation (5.6) gives

Pr=FNKS),  up=-K(FVNEUS))x, k=0,...,N-1. (5.13)

This equation is the explicit link between finite-horizon LQR and the fixed-point statement that
follows.

-

Proposition 5.2 (Exact terminal value reproduces the infinite-horizon policy). Under assump-
tion 5.2, choose S = P, in the finite-horizon problem (5.2). For every horizon N > 1,

P,=P., KPP, =K.,  k=0,...,N-1. (5.14)

Thus the first finite-horizon action is the infinite-horizon optimal action, regardless of the
horizon length.

.

Proof. Because P, = ¥ (P.,), the backward Riccati recursion remains at the fixed point when
initialized with P, = P,. Equation (5.4) then gives the same feedback gain at every stage. [

The result is the LQR specialization of Bellman’s fixed-point principle; see the rollout and
terminal-value discussions in Bertsekas (2022) and Bertsekas (2025).

The same principle is not specific to LQR. If the exact infinite-horizon value J* is used at the
leaf of an ¢-step lookahead calculation, then Bellman’s fixed-point relation gives

T4* = J*. (5.15)

The first action of the lookahead solution is optimal. The practical problem is that J* is precisely
the object we rarely know.
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5.5 Approximate Terminal Values and Their Induced Policies

Let
J(x) = x"Px (5.16)

be an approximation of J*. One-step lookahead minimizes
xTOx + u"Ru + (Ax + Bu)TP(Ax + Bu), (5.17)

and yields the feedback
Ji(x) = —K(P)x. (5.18)

Two matrices must now be kept separate:

o P describes the terminal value used to choose the action;

* Py p) describes the true infinite-horizon cost of the resulting policy, when that policy is
stabilizing.

The second matrix solves
Py =Q+K'RK + (A-BK)"Px(A-BK), K=K(P). (5.19)

Confusing P with Pz is a common conceptual error. The former is an evaluation heuristic; the
latter is achieved closed-loop performance.

Proposition 5.3 (Local quadratic sensitivity of LQR policy cost). Suppose assumption 5.2 holds
and P is sufficiently close to P, that A — BK (P) remains stable. Then, locally,

K@) - k.| = O(IP - P..]). (5.20)

[Pk = Pool = O(IP - Po[).- (5.21)

Proof. The gain map in Equation (5.4) is smooth near P, because R + B'P. B > 0, giving
Equation (5.20) in any finite-dimensional matrix norm. LetAx = A— BKand H,, = R+ B"P_B.
For every stabilizing K, subtracting the DARE from the policy-evaluation equation and using the
optimality condition for K, gives the exact identity

Px— P =AL(Px — P )Ag+ (K - K )TH (K - K..). (5.22)

In a sufficiently small stabilizing neighborhood of K., the inverse of the discrete Lyapunov oper-
ator X — X — ALXAg is uniformly bounded. Hence |Px — P | = O(|K — Koo||2). Combining
this bound with Equation (5.20) proves Equation (5.21). O

This local result is a matrix form of the LQR performance-difference argument used in modern
policy-optimization analyses; see, for example, Fazel et al. (2018).
For €-step lookahead, backward DP first transforms the terminal matrix to

Peys = FUL(P), (5.23)
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5 LOR and MPC Through the DP Lens

and the applied gain is K (P).,r). Thus additional lookahead can move the terminal approximation
toward the Riccati fixed point before the first action is chosen. It does not magically erase all
errors: convergence depends on the Riccati iteration, and constraints or model mismatch change
the analysis.

5.6 Geometric View of Policy Improvement and Lookahead

The algebra above separates an approximate terminal value from the cost of the policy it induces.
Operator geometry shows why the two objects differ and why online minimization can improve
an offline approximation. We first use the discounted finite-state model of Chapter 2, where the
geometry is especially transparent, and then realize the same construction exactly with the scalar
Riccati map.

5.6.1 The Bellman envelope and a touching policy operator

For a stationary policy pu, write its Bellman operator as
r,J=g,+aP,J, O<axl. (5.24)
It is affine in the value vector. The optimality operator is the pointwise lower envelope

TJ = minT,J. (5.25)

Given an evaluator J, a greedy policy ji selects an active member of this envelope:

T;J =TIJ. (5.26)

The equality is local to the value used for improvement. It does not say that 7;J = TJ for other
values, nor that J is the cost of .

Figure 5.2 draws a one-dimensional slice through value space. For an n-state model, J is a
vector in R”, so the curve is a schematic slice rather than a literal plot of the full operator. The
slice is useful because it preserves the three relations that matter: the Bellman envelope, the
touching policy operator, and their distinct fixed points.
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5.6 Geometric View of Policy Improvement and Lookahead

— —

=
2 2
= =
3 3
= =
S it
< <
= =
2 2
& g

0 K s* 2 0 K s* S
value-space coordinate s value-space coordinate s
(a) Value iteration: one Bellman backup (b) Greedify, then evaluate the selected policy

Figure 5.2: Original schematic of Bellman-operator geometry on a one-dimensional slice of
value space. VI stops after the vertical move J ~ TJ. Greedy improvement selects a
policy operator touching the lower envelope at J; exact policy evaluation follows that
affine operator to its own fixed point J ;. The latter need not equal either JorJ*.

5.6.2 VI, PI, and rollout are different moves

The geometric distinction can be written without a picture:

VI: Jt=TJ, (5.27)
greedy selection: T-J=TJ, (5.28)
exact evaluation: Jap=Tilp- (5.29)

VI performs the first line repeatedly. PI starts from the exactly evaluated cost of its current
policy, applies the second line, and then solves the third. Approximate PI may replace either the
evaluator or the policy-evaluation solve.

This also explains the Newton terminology. To solve F'(J) = J — TJ = 0, choose the active
affine operator 7'; at J and solve the local fixed-point model

J =Tl =0. (5.30)

The solution is J ;. For a differentiable scalar envelope this is an ordinary tangent-based Newton
construction. For a piecewise-affine or nonsmooth Bellman operator, Newton-type is the more
accurate term: the greedy policy supplies an active supporting operator rather than a unique
classical derivative. This interpretation follows the operator development in Bertsekas (2022).

Rollout is one policy-improvement step whose evaluator is the exactly evaluated cost J,, of a
base policy. Thus

rgJ,=1J,<T,J,=J, (5.31)

The inequality supplies a genuine improvement guarantee in the discounted finite-state setting:
monotonicity of 7; implies J; < J,. Starting from a generic learned J is different; without an
error bound or a suitable stability condition, the same ordering need not hold.
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5.6.3 Multistep lookahead moves the Newton starting point

An (-step calculation with terminal evaluator J first forms the effective evaluator

J=T“1J (5.32)
and then selects a policy p, satisfying
T,J=TI=T". (5.33)

The repeated backups and the final greedy minimization have different jobs. The backups improve
the point at which the policy operator is selected; only the last minimization determines the first
action applied to the plant.

The rollout guarantee extends to this construction when the terminal evaluator is the exact
cost of a base policy.

~

Proposition 5.4 (Multistep rollout improvement). For a discounted finite-state model, let J,, be
the exact cost of a base policy. Set J = T*"1J u and choose p, by Equation (5.33). Then

Jy,sJ<J (5.34)

u

componentwise.

\

Proof. Because TJ u < T'uJ = J u and T is monotone, its successive iterates from J u are
nonincreasing. Hence J < J , and Tﬂef = TJ < J. Repeated application of the monotone
contraction 7', decreases monotonically from J to its fixed point J u,» Proving the first inequality.

[
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5.7 Scalar LOR: Riccati Iteration and Lookahead
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Figure 5.3: Original schematic of three-step lookahead on the same one-dimensional slice. Two
Bellman backups move the terminal approximation J to the effective evaluator J =
T2J, the final minimization chooses the touching policy operator. Exact evaluation
of that policy reaches J,,, which is distinct from the leaf evaluator and need not
equal J*.

Control viewpoint

An MPC controller with horizon € and terminal value V applies the first action of T* Ve
and repeats the calculation after the next measurement. Rollout uses V= J, for a base
policy. A learned critic may instead supply V, =~ J*, while an actor supplies a base
policy or a warm start for the online minimization. AlphaZero-style online play uses the
analogous learned-value plus online-search pattern. These methods share an improvement
architecture, not identical assumptions or guarantees.

\. J

For discounted tables, contraction makes every policy fixed point well defined. For undis-
counted LQR, the corresponding policy must be stabilizing; otherwise its infinite-horizon cost
is not a finite quadratic form. For constrained MPC, recursive feasibility and stability require
terminal ingredients or other verifiable conditions. The geometry explains the update mechanism
but does not replace these checks.

5.7 Scalar LQR: Riccati lteration and Lookahead

Consider

o)

Xppq = axy + buy, J = Z (qx,% +ru?), (5.35)
k=0
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with b # 0,9 > 0, and r > 0. For J(x) = pxz, the Riccati map is

azrp
Fp)=q+—, 5.36
(p) =g+ — 2 (5.36)

and the positive-feedback magnitude in u = —k(p)x is

abp
k(p) = . 5.37
P (5.37)

If |a — bk| < 1, the actual cost coeflicient of a fixed gain k is

q + rk?
= —. 5.38
Pk 1— (a — bk)2 ( )
The DARE reduces to a quadratic equation,

whose positive solution is p.

5.7.1 Riccati geometry of value and policy iteration

The generic geometry of Section 5.6 is exact, not schematic, on the scalar quadratic family. For a
fixed feedback u = —kx, the policy-specific Bellman operation maps the coefficient p to

F(p) = q +rk? + (a — bk)?p. (5.40)
This is an affine function of p. Minimizing over the feedback gain recovers the Riccati map
F (p) = min F (p), (5.41)

so ¥ is the lower envelope of the policy lines. At a candidate coefficient p, the greedy gain
k= k(p) satisfies
Fi(p) = F(p). (5.42)

The line F ; touches the Riccati curve at the coefficient used for improvement. Its intersection
with the 45-degree line solves p = ¥ z(p) and is the true infinite-horizon cost coefficient p; when
k is stabilizing. The intersection of p = & (p) is the optimal coefficient p...

Thus scalar LQR makes the Newton-type interpretation algebraic: choose the supporting
policy line at the current coefficient and solve its linear fixed-point equation. Value iteration
instead takes the single update p* = & (p). Policy iteration alternates a greedy gain calculation
with the exact policy-cost calculation in Equation (5.38).

Multistep lookahead changes the coefficient at which the supporting line is chosen. With
terminal coefficient p, it first forms

p=F"1p (5.43)

and then applies k(p). The generic sequence J + T 1J + p, therefore becomes an explicit
Riccati iteration followed by one feedback-gain calculation.
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Figure 5.4: Original scalar realization of the operator geometry fora = 1,b = 2,qg = 1, and
r = 0.5, illustrated at p = 0.1. Greedy improvement selects the policy line touching
the Riccati lower envelope at p; exact evaluation of that policy moves to its fixed
point pz. The optimal Riccati fixed point is p..

Worked Example 5.1 (Lookahead corrects an imperfect terminal coefficient). Let
a=1, b=2, qg=1, r=0.5.

Then

2+ \/6
P = —4
Suppose the terminal coefficient is only p = 0.2p_,. For a lookahead depth ¢, the first feedback
gain is

~ 1.1124. (5.44)

ke =k(F1(p)). (5.45)

The terminal coeflicient is initially poor, but one Riccati update already moves it close to the
positive fixed point. The actual policy loss is smaller than the coefficient error because the
online minimization removes the first-order policy error near the optimum.

Figures 5.5 and 5.6 should be read with two cautions. First, the result is not “longer horizon
is always better” without conditions. It relies on a well-behaved Riccati iteration and exact
online optimization. Second, the actual online action is improved even though the terminal
coefficient itself remains approximate. This is the behavior the book will seek in nonlinear
mobility problems, where closed-form analysis is no longer available.
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Table 5.1: Verified scalar lookahead results for p = 0.2p.,. The policy loss evaluates the infinite-
horizon cost of the feedback actually induced by the lookahead calculation.

e F-p) ke a— Dbk Pk, — P

0.222474 0.320131 0.359739  9.5135x 1072
1.080033 0.448134 0.103732  9.1938 x 107©
1.112034 0.449476 0.101048 9.5748 x 1010
1.112369 0.449490 0.101021 9.9698 x 10~14

A W N =

Implementation note

The script writes the plotted coeflicients, gains, closed-loop eigenvalues, and policy
costs to figures/generated/scalar_horizon_data.csv. The figure is
therefore an output of an auditable numerical experiment rather than a manually edited
illustration.

5.8 Vehicle Example: Linearized Lateral-Error Regulation

Consider a kinematic bicycle traveling at constant longitudinal speed v near a reference path.
Define e,, as signed lateral displacement and e, as the vehicle heading minus the path-tangent
angle. For small e,,, small steering angle &, and slowly varying reference curvature ., the
continuous-time error kinematics are locally

é, = vsine, = ve,, €y = %6 — VI rof- (5.46)

Choose the nominal feedforward steering 8¢ = Lic,os and define the feedback correction v =
8 — 8. Forward-Euler discretization with sampling time 7' then gives

ey,k+1 _ 1 VTS ey’k 0
[ew,k+1] [O 1 e i + VTJL Vi 5.47)
A B

Thus Equation (5.47) is not a new vehicle model: it is the local small-angle, constant-speed,
forward-Euler approximation of the kinematic bicycle error equations. See Rajamani (2012) for
the underlying vehicle-modeling framework.

The pilot simulation uses
v=12m/s, Ty=0.1s, L=28m, Q =diag(4,1), R =0.73,

from initial error e,(0) =0.15m and e, (0) = 2°. It compares:
1. infinite-horizon LQR;
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Scalar Riccati map and value-iteration geometry
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Figure 5.5: An original numerical visualization of the scalar Riccati map in worked example 5.1.
Stair steps show value-iteration updates from the imperfect terminal coefficient. The
figure is generated by code/pilot_lgr/generate_figures.m.

2. atwo-step receding-horizon controller with zero terminal cost; and
3. atwo-step controller with terminal matrix P,.

The third controller reproduces infinite-horizon LQR, as predicted by proposition 5.2. The
zero-terminal-cost controller is a different stationary feedback because its short lookahead
undervalues the remaining lateral error.

J

This model is deliberately modest. The later slalom case will add speed dynamics, steering
and tire limits, actuator lag, collision geometry, and model mismatch. Its educational purpose
here is to establish a result that remains visible after those complications are added: terminal
information determines what a short online horizon can see.

5.9 From Receding-Horizon LQR to Constrained MPC

The scalar and vehicle examples above used unconstrained quadratic problems so that every
object could be computed analytically. MPC keeps the same finite-lookahead logic while
allowing nonlinear dynamics and explicit state and input constraints. For a deterministic system
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Figure 5.6: Effect of lookahead depth for the scalar example. The left panel shows the coefficient
presented to the first minimization; the right panel separates terminal-coefficient
error from the infinite-horizon loss of the induced feedback policy.

Xp1 = f (xg, uy), the online problem at measured state x; is

-1
Ve(xg) =~ min Z 8 Xk jier Upewjie) + VX)) (5.48a)
j=0

Uklkse->Ug+0-1]k
subject to  xg = X,

Xerjtike = S ki Uieajiie) s
xk+J'|ke‘%’ uk+j|k6%’ j=0,...,€—1,
Xerok € g

Only uy, is applied; the optimization is rebuilt from the next measured state. In the unconstrained
LQR case, this reduces exactly to the backward Riccati calculation already studied.

Without constraints, the lookahead value is T° Vf. This statement does not mean that dynamic
programming is inherently an online algorithm: an exact DP policy may be computed and stored
offline. Online computation appears here because the Bellman minimizations are deliberately
re-evaluated at the measured state.

Al/RL terminology bridge

In planning terminology, MPC searches forward from the current state and uses Vyas a leaf
evaluator. A learned value network can supply this leaf estimate without being updated
online. The controller then performs online policy improvement, but not necessarily
online learning.
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Figure 5.7: Linearized vehicle lateral-error regulation. Exact terminal value makes the two-
step lookahead controller coincide with infinite-horizon LQR; zero terminal value
produces a different short-horizon feedback. This is a regulation example, not yet
the nonlinear slalom benchmark.

5.9.1 Terminal ingredients and the shift argument

For unconstrained LQR, P, alone is an exact terminal weight. With constraints, a standard
nominal MPC design uses three mutually supporting objects (Mayne et al. 2000; Rawlings et al.
2017):

1. alocal terminal policy kf(x), often —K  x;
2. aterminal set &'y that is invariant under x ; and respects the constraints; and

3. anonnegative terminal value V that decreases under # .

For every x € %y, require

Kf(x) e %, f(x, xf(x)) IS %’f, (5.49)
Vi(f (x,1c4(x))) = Vp(x) < —g(x, 14(x)). (5.50)

105



5 LOR and MPC Through the DP Lens

measure solve €-step apply only mobility
Xg lookahead problem Uik system

A A

new state

[ofﬂine ingredients: model, Vf, X P base policyj

Figure 5.8: Receding-horizon control as online lookahead supported by offline ingredients. Re-
solving changes the action at each measured state even when the offline model and
terminal approximation remain fixed.

Theorem 5.1 (Recursive feasibility and value decrease by shifting). Suppose Equation (5.48) is
feasible at x;, its deterministic model is exact, and the optimizer returns a global optimum.
If Equations (5.49) and (5.50) hold, then the shifted input sequence is feasible at x;, .
Consequently, the receding-horizon controller is recursively feasible and

Vo(xge1) — Ve(xp) < —g(xg, ug). (5.51)

Proof. Let the optimal predicted input sequence at x; be (Ugiger -+ > Uy 1) After applying its
first element, shift the remaining elements one position and append # ¢(x;, ¢, ). Exact prediction
identifies the next measured state with the first predicted successor. Terminal invariance and
constraint admissibility make the shifted sequence feasible. Relative to the previous optimal cost,
its cost removes g(xy, u;) and adds

8O o A %)) + Vo) = Vilow)

which is nonpositive by Equation (5.50). The new optimum cannot exceed the cost of this feasible
candidate, proving Equation (5.51). O

If g(x, u) lower-bounds a positive-definite function of the state and the usual continuity and
boundedness conditions make V, a Lyapunov function, Equation (5.51) yields the corresponding
asymptotic stability result. Those extra conditions matter: recursive feasibility and value decrease
should not be promoted to a blanket nonlinear stability claim.

Likewise, an arbitrary learned terminal value is not automatically a safe MPC terminal ingre-
dient. It may improve performance while violating Equation (5.50); model error or an inexact
solve can also invalidate the shift proof.

5.10 Terminology Across DP, MPC, and Model-Based RL

The table translates computational roles; it does not assert that the methods are identical. Exact
DP may compile a policy offline and require no online optimization. MPC emphasizes constraints
and continuous optimization, while RL often emphasizes learning the policy, value, or model
from samples.
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Table 5.2: A compact terminology map. The DP/rollout column describes an online lookahead
implementation, not dynamic programming as a whole.

Object DP / rollout Model predictive Model-based RL /
control planning
Tail information terminal value terminal cost and leaf evaluator or critic
approximation terminal set
Online decision optional Bellman constrained model-based search
minimization at the finite-horizon or rollout
current state optimization
Applied action first minimizer first element of the root action
optimal sequence
Repeated use rollout/lookahead receding horizon replanning or online
policy play

5.11 Design Conditions and Limitations

Conditions to check

1. Check closed-loop stability after value approximation. A small fitting error in a
global norm does not ensure that A — BK (P) is stable.

2. Match the horizon and solver to the control deadline. A theoretical improvement
from lookahead is lost if the optimizer misses the control deadline or returns a poor
local solution.

3. Quantify prediction-model error. Replanning corrects the state estimate at the
next step, but it does not automatically protect constraints between updates.

4. Verify terminal ingredients as a set. A terminal matrix copied from an uncon-
strained LQR design does not by itself establish recursive feasibility for a constrained
nonlinear model.

5. Treat constraints inside the optimization. Clipping an LQR command changes
the feedback law without solving the constrained horizon problem and can destroy
the claimed analysis.

6. Separate empirical evidence from guarantees. No observed violations over a test
set are useful evidence, but they are not equivalent to an invariant-set or robust-
feasibility result.

5.12 Reproducible Implementation Pattern

The essential finite-horizon computation requires only a backward Riccati loop. The com-
plete script used for this chapter is code/pilot_lgr/generate_figures.m. Its core
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operation is equivalent to:

Listing 5.1: Backward Riccati recursion in Python-like pseudocode.

P = terminal matrix

for k in reversed (range (N) ) :
K[k] = solve(R + B.T @ P @ B, B. T @ P @ A)
P=Q+A.T@P@Q@A-A.TQRPAGQGRBAEQ K[k]

u0 = -K[0] @ xO

For MPC, the same conceptual loop is embedded in a constrained optimizer and rerun after
each state measurement. Later chapters will separate three error sources that coincide in an ideal
LQR calculation: value approximation error, model error, and online optimization error.

The current script is suitable for reproducing the chapter figures and for a guided in-class
demonstration. It is not yet a release-ready graded lab: that version still needs a student starter file,
explicit tasks and checks, a constrained-QP extension, and cross-platform testing. The run instruc-
tions and safe parameter changes are documented in code /pilot_1gr/README.md.

5.13 Summary

* Finite-horizon LQR is exact backward DP because quadratic values are closed under the
Bellman operation.

* The DARE is Bellman’s fixed-point equation on quadratic functions, and Riccati iteration
is structured value iteration.

* An exact infinite-horizon terminal value makes any positive lookahead depth recover the
optimal first action.

* An approximate terminal value is not the same as the cost of its induced policy. Near the
optimum, online minimization can turn first-order value error into second-order policy
loss.

* VI takes a Bellman backup, whereas PI selects a touching policy operator and evaluates
its fixed point. Rollout is this improvement step applied to the exact value of a base policy;
multistep lookahead first moves the effective evaluator through repeated Bellman backups.

* Inscalar LQR, the Riccati map is the lower envelope of affine policy-specific maps. Greedy
improvement selects a touching policy line, and policy evaluation is a Newton-type fixed-
point step.

* MPC repeats this lookahead after every measurement and incorporates constraints, but
stability requires more than a plausible terminal cost.

* The linearized lateral-control example establishes the unconstrained regulation baseline
for the later constrained slalom benchmark.

108



5.14 Exercises

5.14 Exercises

Exercise 5.1 (Bellman-envelope geometry). Consider the three affine maps used in Figure 5.2:

T,(s) = 0.9 + 0.55s, T>(s) = 1.25 + 0.25s,
T5(s) = 1.55 + 0.05s, T(s) = minT;(s).
13

Compute the envelope breakpoints and the fixed point of 7. Starting from § = 0.8, compute
one VI update, identify the touching policy map, and solve its fixed point. Then start from
§ = 0.2 and reproduce the three-step construction in Figure 5.3. Explain why the leaf evaluator
and the achieved policy cost are different objects.

Exercise 5.2 (Scalar Riccati equation). Starting from Equation (5.35), derive Equations (5.36),
(5.37) and (5.39). Identify the interval of p for which the one-step lookahead gain is stabilizing.

Exercise 5.3 (Terminal-value invariance). Prove proposition 5.2 directly from the finite-horizon
Bellman recursion, without invoking the Riccati fixed-point notation. Explain why the proof
also applies when the minimizing action is not unique.

Exercise 5.4 (Value error versus policy loss). For worked example 5.1, reproduce the horizon
sweep for p/p., € {0,0.2,0.5, 1.5, 3}. Plot separately:

LAFNP) - pls

2. lkp — koo|; and

3. Pr, = Poo-

Mark horizons that generate an unstable feedback instead of assigning them a finite cost.

Exercise 5.5 (Policy iteration). Choose a stabilizing scalar gain k(?). Use Equation (5.38) for
policy evaluation and Equation (5.37) for policy improvement. Compare the number of PI
and VI iterations required to reach the same tolerance in p.

Exercise 5.6 (Lateral-control terminal value). Reproduce Figure 5.7. Repeat the experiment for
horizons N € {1, 2,3,5, 10} and initial speeds from 5 m/s to 25 m/s. Explain why fixing a
discrete-time gain while changing speed is not the same as redesigning the controller at each
operating point.

Exercise 5.7 (Constrained MPC). Add the constraints |§] < 0.35rad and Ieyl < 1.2m to the
lateral model. Compare a genuine constrained QP with clipped LQR. Report feasibility,
maximum lateral error, control effort, and per-step solve time.
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Exercise 5.8 (Challenge: toward the slalom benchmark). Replace the straight-path regulation
model by a sinusoidal reference curvature. Introduce an unknown steering lag and fit a

residual model from closed-loop data. Compare:
1. nominal MPC;
2. MPC with the learned residual model; and
3. the same two controllers with a learned terminal value.

Separate model prediction error from closed-loop cost and constraint violations.
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6 Approximation in Policy Space

Chapter 4 approximated a value or Q-factor and then asked how that object produces a control.
This chapter stores the control law itself:

u=pfgx) or u~amg(-|x). (6.1)

The resulting actor is fast to execute and natural for continuous actions, but it does not remove
the need for evaluation. A policy-gradient or actor—critic algorithm still needs returns, a critic,
or both to judge which parameter change is an improvement. For this reason, PPO, TD3, and
SAC will be treated as variants of approximate policy iteration rather than as isolated acronyms.

The second theme is equally important. A learned actor need not be the last decision maker.
It can be a base policy for rollout, a warm start or local center for MPC, and a data generator for
a terminal critic. Online lookahead then adapts the stored policy to the state, constraints, and
model information available at execution time.

Learning objectives

After studying this chapter, the reader should be able to:

1. distinguish deterministic and stochastic policy architectures and enforce basic action
structure in their outputs;

2. construct a policy by supervised imitation, rollout distillation, gradient optimization,
or derivative-free search;

3. derive the stochastic policy-gradient identity and explain the roles of occupancy,
Q-factors, baselines, and advantages;

4. interpret actor—critic training as approximate policy evaluation followed by re-
stricted policy improvement;

5. derive cost-form PPO, DDPG/TD3, and entropy-regularized SAC objectives;

6. distinguish on-policy and off-policy data use and identify the policy evaluated by
each critic target;

7. select among DQN, PPO, TD3, SAC, and structured policy search using action
space, data relation, and deployment needs;

8. use a learned actor as a base policy, optimizer warm start, or local action-search
center and a critic as a terminal value;

9. explain when an online improvement guarantee survives approximation and when
it becomes an empirical claim; and
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10. audit an actor, critic, and online improvement layer separately under model shift
and constraints.

Chapter roadmap

The chapter first defines the policy object and the ways it can be fitted. It then derives policy-
gradient and actor—critic machinery before locating PPO, TD3, and SAC within that common
loop. Derivative-free search provides a second route through policy space. The last third of the
chapter combines the actor and critic with online lookahead and verifies the architecture on a
continuous mobility surrogate.

Secs. 6.1-6.2 S“Tj (=) S;;SC')‘S%;? Secs. 6.10-6.12
policy objects and SO ey grili- > SAC ’ CEM’ online lookahead,
fitting lents an ’ L mobility audit
actor—critic API and comparison

distill improved actions

Figure 6.1: Original map of Chapter 6. Offline policy approximation supplies a fast actor; online
improvement can use that actor and return improved actions to the next offline training
cycle.

6.1 Why Approximate a Policy Directly?
Suppose a value approximator J (x; r) is available. A control still has to solve

fi(x) € argmin {g(x,u) + a E[J(x) | x,ul}. (6.2)
uceW(x)
This is attractive when the minimization is small or when its online solution enforces current
constraints. It can be expensive when u is continuous, the model is nonlinear, or the action must
be produced at high rate. A policy approximator replaces the repeated optimization by a forward
evaluation.

Policy approximation also answers a different representation question. A Q-table naturally
defines a finite-action actor by an arg min, but a continuous steering or torque command cannot
be recovered by enumerating an unrestricted action space. A differentiable map p 4 (x) represents
that continuous decision directly. This is one reason actor—critic methods are prominent in
continuous-control RL.

The convenience comes with three losses of information.

1. A compressed actor may not represent the greedy action at every state.

112



6.2 Deterministic and Stochastic Policy Architectures

2. The actor alone does not report how undesirable its action is or how close a competing
action may be; a critic or online optimizer supplies that comparison.

3. Afrozen actor does not automatically adapt to changed constraints, dynamics, or objectives.

Thus value and policy space are complementary axes. A critic supports evaluation and lookahead;
an actor amortizes an optimization into a fast map.

Table 6.1: Roles of stored value- and policy-space objects.

Stored object Direct output Main advantage Missing layer

J(x) future-cost estimate compact terminal model or samples plus
evaluator; supports an online action
changing actions and comparison
constraints

O(x,u) state—action finite-action greedy continuous inner

comparison control; critic for minimization unless an

continuous actor actor is added

Lo (X) deterministic action low execution cost; uncertainty/exploration
natural continuous model and explicit
output action comparison

To(u|x) action distribution exploration and multi-  declared execution
modal/randomized statistic and safety layer
policies

Control viewpoint

The phrase “policy network™ describes a function architecture, not how the controller was
obtained. The same network may imitate MPC, maximize a PPO surrogate, minimize a
TD3 critic, or be optimized by random search. The target mechanism and deployment
layer must be stated separately.

6.2 Deterministic and Stochastic Policy Architectures
A deterministic actor is a map
Ho % = WU,  u=pgx). (6.3)

It is suitable when repeatable execution is desired and exploration can be handled during training.
For box constraints u; € [u;, 4;], a neural output z, (x) can be transformed as
ﬁi + ﬂi ﬁi —-Uu

fo,i(x) = ———+ 2_itanhzg,i(x). (6.4)
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This enforces the actuator box, but it does not enforce state constraints or coupled limits such as
a friction ellipse. Those may require a structured output, projection, control barrier/safety filter,
or online constrained optimization.

A stochastic actor represents a conditional distribution

u~ag(-]x). (6.5)

For continuous actions, a common choice is a Gaussian whose mean and log standard deviation
are network outputs, followed by a squashing transform. For a finite maneuver library, a softmax
output supplies categorical probabilities. Stochasticity supports exploration and can represent
genuine randomization, but deployment must state whether it applies a sample, mean, mode, or a
separately filtered action.

The state representation matters as much as the output. An MLP is appropriate for a fixed
vector; CNNs can process spatial observations and RNNs can maintain a latent summary of
observation history. These are architectural choices from Chapter 3. An RNN does not make a
partially observed problem Markov; it attempts to construct a useful information state.

6.2.1 Policy fitting from action labels

If an expert, optimizer, or rollout supplies pairs (x;, "), a deterministic actor can be fitted by
M
0 e arg min Y willig () — ufI + A1013. (6.6)
i=1
The first term asks the actor to reproduce the supplied actions. The second term is not another
control cost: it selects a preferred parameterization when several actors fit the labels similarly.
Chapter 3, especially Section 3.4.2, distinguishes ¢, sparsity, smoothness, early stopping, dropout,
and control-sensitivity regularization. A larger A can make the actor smoother or smaller but
can also move it farther from an important expert action. It cannot repair a poor expert, missing
state coverage, or a biased rollout label. This includes behavioral cloning and MPC policy
approximation. When several actions have nearly equal Q-factor, a Q-weighted loss can reduce
the importance of harmless label discrepancies. Conversely, a small action error near an active
constraint may be control critical. Validation should therefore report closed-loop cost and
violations, not only action RMSE.
For a stochastic actor, action labels can define the negative log-likelihood loss

M

B (0) = =) wilog g (U | x;). (6.7)
i=1

If a teacher supplies an entire action distribution, cross-entropy or KL divergence preserves more
information than one sampled label.

6.2.2 Rollout and optimizer distillation

The teacher need not be a human. A base policy and online lookahead can create an improved
action #(x) at selected states; the actor then fits i#(x). This is rollout or planning distillation
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(Bertsekas 2019; Bertsekas 2022). It shifts computation from repeated online search to offline
data generation. The resulting actor should not be called the rollout policy without qualification:
regression error and distribution shift can make it different away from the sampled states.

An effective loop alternates:

actor rollout — visited states — online improved labels — actor refit. (6.8)

Collecting new labels under the refitted actor reduces the mismatch between a fixed offline data
distribution and the states generated by the deployed policy. It does not by itself certify safety on
unvisited states.

6.3 Policy Objectives and the Policy-Gradient Identity

Let the initial state have distribution p and let 7, be a differentiable stochastic policy. Its
discounted objective is

?(0) = Ex0~p0,.7'rg [Z akg(xk’ uk)] . (6.9)
k=0

Equation (6.9) turns controller design into a finite-dimensional parameter optimization. For each
sampled x, the policy randomizes u; ~ m4(- | x;), the plant generates the next state, and the
inner sum records the resulting discounted physical cost. The expectation averages all three
sources of variation: the initial-state distribution, policy sampling, and stochastic transitions.
Thus p declares where the policy is to perform well, while ¢ declares how strongly delayed
costs matter. This scalar objective is neither a Bellman equation nor a pointwise guarantee for
every initial state. Two studies with different p are solving different policy-fitting problems even
if the dynamics and stage cost are unchanged. Define the normalized discounted state-occupancy
distribution

d,, (x) = (1—a)iak§r(xk=x). (6.10)
k=0 g

For continuous states this notation denotes a density or measure rather than a finite probability
table.

Proposition 6.1 (Stochastic policy-gradient identity). Assume the policy is differentiable, its
support does not change with 6, and interchange of differentiation and expectation is
valid. Then the cost gradient satisfies

1
VoI (0) = 1—E -, [Qn,(xu)Vglogmy(ulx)]. (6.11)

u~7r g (-|x)

Direct differentiation of Equation (6.9) appears to require the derivatives of every future state
with respect to 6. That route is difficult for a stochastic plant, a black-box simulator, or a sampled
physical system. The policy-gradient theorem replaces it by an equivalent likelihood-ratio form.
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For a finite trajectory ¢ = (xg, ug, ..., X7),

-1

Po(&) = po(xo) 11 7 Gty | X) POy | X ty), (6.12)
P
and the log-derivative identity gives
VoE,,[F(O)] = E, [F($)V,ylogpy(d)], (6.13)
Vylogpy(S) = ivelogﬂe(ut|xz)~ (6.14)
=

The transition factors in Equation (6.12) do not depend on 6, so their log gradients are zero. Their
effect has not been discarded: they still determine which trajectories occur, the occupancy d; ,
and Q. . Causality then removes costs incurred before action u, from that action’s expected score,
leaving the future-cost factor Q. (x;,u,) in Equation (6.11). This is the hard-to-differentiate
trajectory objective rewritten as an expectation of quantities that can be sampled from interaction.
The result is the policy-gradient theorem of Sutton, McAllester, et al. (2000) and is developed
from the same likelihood-ratio viewpoint in Bertsekas (2025, Sec. 3.5).

transition
scores vanish
policy scores remain

trajectory objective log derivative
E,,[F($)] F($)Vlogpy(¢)

sampled future cost
xVlog i

Figure 6.2: Original likelihood-ratio route to the stochastic policy gradient. The equivalent score
form avoids differentiating the transition model, while the model still shapes sampled
trajectories and Q-factors.

For any state-dependent baseline b(x),
By, [b(x)Vglogmg(ulx)] =0. (6.15)
For a finite action set, the reason is explicit:

Y o 0)b(x)Vglogmy(u|x) =b(x) Y Vymgu|x) =bx)Vyl =0. (6.16)

The density version replaces the sum by an integral and requires the usual interchange conditions
and parameter-independent support. An action- dependent baseline is not covered by this
cancellation unless an additional correction is included. Therefore Q. = in Equation (6.11) may
be replaced by the cost advantage

Ay, (e u) =0, (xu) =J, (x). (6.17)

The baseline does not change the expected gradient but can greatly reduce its variance. At a
difficult state, every action may have a large future cost; that common state-level magnitude is
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irrelevant to which action is locally preferable but multiplies every noisy score sample. Subtract-
ingJ,(x) = E,_,[0Q,(x,u)] centers the action comparison at that state and leaves the relative
signal. It is a standard, convenient baseline, not always the mathematically variance-minimizing
one for every parameter coordinate. The sign convention matters: a negative cost advantage
means the action is better than the policy’s average action at that state.

With sampled advantages K,, a basic gradient step is

1 &
0" =01y Y AN glogmy(u, | x,). (6.18)
=1

The theorem is an identity, not a promise that a finite, noisy step improves the closed loop. The
stepsize, critic error, data distribution, and parameter class all affect the realized update.

6.3.1 Deterministic policy gradient

For a differentiable deterministic actor u = g (x), a small parameter perturbation first changes
the action and then changes the Q-factor:

dpg(x) = Vopge(x)do, dQ, (x, pg(x)) = VuQﬂ(X,Mﬂ;:M(x)d,Ug(x)- (6.19)

Averaging this chain rule over the discounted state distribution yields the deterministic policy-
gradient theorem (Silver et al. 2014). In an off-policy implementation with replay distribution v,
the actor direction used by DDPG and TD3 is approximated as

VoFy(0) = Bey [Vorg(0ViuQy, 5, ] (6.20)

The product has two distinct factors. The actor Jacobian says how each parameter moves the
commanded action; the critic action gradient says which local action direction decreases future
cost. The state-distribution effect is accounted for by the policy-gradient theorem rather than
being naively ignored in Equation (6.19). The replay form optimizes an off-policy surrogate
weighted by v; replacing the target occupancy by arbitrary replay data is exact only under the
objective and coverage conditions stated by the deterministic policy-gradient result.

The method differentiates through the learned critic, not through the unknown physical dy-
namics. This is computationally attractive, but it transfers a strong responsibility to the critic’s
action slope. A small Q-value RMSE can coexist with a wrong V0, which can point the actor
toward an artificial low-cost region. Twin critics, delayed updates, and target smoothing in TD3
address parts of this approximation problem; they do not eliminate the need for action coverage
or controller-level validation.

6.3.2 Performance difference and the meaning of improvement

The policy-gradient theorem gives a local derivative. A complementary identity describes the
finite difference between two policies. Let Z (1) = Ex0~ P [/, (xg)].
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parameter change actor Jacobian critic action slope choose d@ to reduce
do du = Vyu,do dQ = V,0"du the replay-weighted Q

Figure 6.3: Original chain-rule interpretation of deterministic policy gradient. The actor supplies
the parameter-to-action sensitivity and the critic supplies the action-to-cost sensitivity.

Proposition 6.2 (Discounted performance-difference identity). For two stationary policies
and 7', under the discounted assumptions of Chapter 2,

1
F ') = For) = T=g E wd, [Azxu)]. (6.21)

u~ar’ ()

To see the identity, expand A . (x,,u,) = g, + aJ , (x,.1) —J , (x,) along a trajectory of sr”. The
discounted value terms telescope, leaving the cost difference from the common initial distribution.
If 77" chooses nonpositive cost advantage at every state, it is no worse than s7. Exact greedy PI
enforces such a pointwise statement (Sutton and Barto 2018; Bertsekas 2025).

Parameterized improvement is weaker. A PPO or actor-gradient update controls an empirical
surrogate under states sampled mainly from d_,, while the identity contains d_-. A large policy
change can alter the states that are visited and invalidate the local comparison. Ratio clipping,
trust-region ideas, conservative steps, and repeated data collection manage this occupancy shift;
they do not turn a fitted surrogate into a pointwise improvement proof.

The occupancy detail is not cosmetic. The new actor can enter a region that was rare under
the old actor, where neither the critic nor the advantage estimates were accurate. Exact greedy
PI avoids this particular sampling gap by checking an improvement inequality at every state. A
clipped or trust- region update instead keeps the new policy close on sampled states, making the
substitution d_,» = d,, more plausible but not exact.

new occupancy d, s
update reaches
weak coverage

O¥O*O

old occupancy d,
data concentrate here

————— ~ critic and advantage
may be inaccurate

Figure 6.4: Original occupancy-shift interpretation of approximate policy improvement. A surro-
gate fitted under the old policy need not predict the states emphasized by the updated
policy.
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6.4 Actor-Critic as Approximate Policy lteration
Approximate policy iteration (API) separates two questions:

evaluation: @ <« FitCritic(y), (6.22)
improvement: 0 < ImproveActor (6, ¢). (6.23)

An actor—critic method interleaves approximate versions of these operations. The critic may
estimate J, , 0 . or an advantage; the actor makes a restricted move inside its parameter class.
Unlike exact PI, neither stage normally converges before the other changes.

Chapter 4 already approximated the evaluation object while the policy-improvement rule
was explicit. Here the policy is approximated as well. PPO represents a restricted stochastic
improvement; DDPG and TD3 use a deterministic actor that descends a Q critic; SAC performs
entropy-regularized stochastic improvement. These algorithms are therefore not detached from
API: they choose different critic targets, policy classes, data distributions, and restrictions on the
improvement step.

Advantage enters because policy improvement is an action comparison at a fixed state.
Absolute future cost includes how difficult the state is; A, (x,u) = O, (x,u) — J, (x) removes
that state-level baseline and reports whether u is better or worse than the policy’s usual action
mixture. The critic need not have a separate advantage output. A temporal-difference residual
supplies a sampled, bootstrapped action-comparison signal.

restricted im-

. . approximate i
approximate actor acfs transitions tangpts . advantage/Q signal provement
) evaluation
Ty OF [Ug on-policy or replay J, or 0 score, Q slope,
¢ ’ or KL/clip
w

new actor

Figure 6.5: Original actor—critic reading as interleaved approximate policy evaluation and re-
stricted approximate policy improvement.

6.4.1 From TD errors to generalized advantage estimates

For a cost critic J(x; ¢), define
8¢ =g +al(xy1;9) —J(x;0). (6.24)

The quantity 87 is the one-step TD error: observed stage cost plus the bootstrapped next value
minus the current value estimate. If J = J, exactly, then

E[s? |x,=xu, =u]l = Q,(x,u) —J,(x) =A . (x,u). (6.25)
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Thus one TD error is a noisy sample whose conditional mean is the advantage; it is not
literally the deterministic advantage in every sampled transition. With an approximate critic, its
conditional mean also contains critic error. This distinction answers why TD error appears in the
actor update: it is an inexpensive action-comparison estimate available from a single transition.
The n-step cost-advantage estimate can be written

A=Y st (6.26)
The identity follows by expanding the TD errors: intermediate value terms cancel, leaving the
n-step return Z;:Ol /g, ot a™J(x,,,) minus J(x,). It therefore interpolates between a one-step
bootstrap and a long sampled return rather than introducing a new value definition. Generalized
advantage estimation (GAE) forms the geometrically weighted sum

T-t-1

A\?AE(X) — Z (al)]é(p

t+j°
j=

0<i1<l. (6.27)

=)

Small A relies more strongly on the critic and usually has lower variance; large A approaches a
long return and reduces bootstrap bias at the cost of variance. GAE is therefore the policy-gradient
counterpart of the TD(A) continuum in Chapter 4 (Schulman, Moritz, et al. 2016).

6.4.2 Which distribution fits the critic?

Suppose the critic minimizes
() = Boy [T (x5 9) = y()°]. (6.28)

A small loss is a statement weighted by v. PPO makes v close to the recent policy occupancy by
recollecting trajectories. Replay methods use a mixture of older behavior distributions. Replay
improves sample reuse and decorrelates minibatches, but the critic can be accurate on the buffer
and poor at states newly preferred by the actor.

Let 77, denote the behavior policy that generated a transition and let s be the target policy
being evaluated or improved. Provided s, (u | x) > O whenever 7 (u | x) > 0, define the
per-decision and trajectory ratios

a (ut I Xt) /
=t = . 6.29
Pt ﬂb(ut |xt) pl._] ll:ltpk ( )
The ratio is a change of measure: actions common under the target but rare under the behavior
policy receive more weight. For an episodic return, ordinary trajectory importance sampling
satisfies
E, (G 1 x]=E,, [prr-1G: 1 x] (6.30)

under the stated support and integrability conditions. Weighted importance sampling normalizes
the observed weights; it is generally biased at finite sample size but often has lower variance.
These are the off-policy Monte Carlo constructions developed in Sutton and Barto (2018, Ch. 5).
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Bootstrapping changes which ratios are needed. A one-step semi-gradient off-policy TD
update for a value critic can be written

ot =9+ 0,080V I (x;:0). (6.31)

The single action ratio corrects the one-step action distribution. A sampled stochastic-actor term
has the analogous form
8o = PiANVglogmg(u; | x;). (6.32)

However, p, alone does not change the behavior state occupancy d ., into d,. Exact trajectory
correction uses products such as p(.; or an appropriate state-density ratio; both can have severe
variance and require coverage. Off-policy TD with function approximation and bootstrapping
also has stability subtleties beyond the tabular identity.

Practical replay algorithms therefore combine short bootstrapped targets, target networks,
restricted actor updates, and coverage heuristics rather than using unrestricted trajectory products.
TD3 and SAC avoid an explicit importance ratio in their standard critic targets because they learn
an off-policy Q-function from one-step transitions and evaluate the next action under the target
actor; this is not permission to use arbitrary data without state—action coverage. PPO keeps ratios
near one by collecting recent data and clipping the update. On-policy sampling is the special
case i, = i, for which every ratio equals one (Sutton and Barto 2018, Chs. 7 and 13).

Table 6.2: Three distributions that should not be conflated in actor—critic training.

Distribution Role Typical mismatch question

Behavior distribution generates observed transitions Were safety and exploration
constraints respected during
collection?

Critic-fitting distribu- weights evaluation error Does replay cover states used by

tion v the current actor and online
optimizer?

Deployment d , weights realized closed-loop Did validation reproduce model

performance shifts and rare states seen in use?

Al/RL terminology bridge

“On-policy” and “model-free” answer different questions. PPO is on-policy because its
ratio objective uses trajectories from a recent policy. Its critic targets can be computed
without an explicit transition model. TD3 and SAC are off-policy because replay data
may come from older behavior policies. None of these labels says whether a simulator,
learned model, or MPC safety layer is used elsewhere in the system.
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6.5 PPO as Restricted On-Policy Improvement

PPO begins from a simple concern: an empirical policy-gradient direction is local, so changing
the action probabilities too far with one noisy batch can invalidate the advantages and occupancy
distribution estimated from that batch. PPO measures the probability change by a ratio and clips
the surrogate incentive outside a neighborhood of one. The clipping does not clip the physical
action, guarantee a KL. bound, or enforce vehicle constraints; it restricts how much the sampled
objective rewards a probability change.

The data and update flow is summarized visually in Figure C.2; the present section supplies
the equations and the executable sequence in Algorithm 6.1.

Let a batch be collected by 7,4 and define

To(U; | X;)
r(0) = ————. 6.33
) = a0 ©39
In this book’s cost convention, a clipped PPO surrogate can be minimized as
BPRO(0) = E,[max(r,(0)Af, clip(r,(0),1 - €,1 + €)AY)], (6.34)

where A¢ is a cost advantage. The more familiar reward form maximizes a minimum; the reversal
in Equation (6.34) follows from cost = — reward. The hyperparameter ¢ € (0, 1) is the clipping
half-width, so the retained probability-ratio interval is [1 — €, 1 + €]. It is unrelated to exploration
noise or the label error denoted by & in Chapter 3. Implementations commonly negate physical
costs and use the reward form instead.

The critic is fitted to returns or bootstrapped targets, for example

Beriie(9) = B, [(J(x:0) = G)] (6.35)

Several minibatch epochs reuse the collected batch, after which new on-policy data are required.
Entropy bonuses may preserve exploration. The clipping parameter restricts the incentive for a
large probability-ratio change on the sampled data; it is not a hard trust region in state space and
not a guarantee of monotonic closed-loop improvement (Schulman, Wolski, et al. 2017).

PPO is attractive when a stochastic policy is acceptable, simulation can supply fresh trajectories,
and robustness to moderate optimizer choices is more important than replay efficiency. It is not
automatically the right choice for an expensive physical platform: on-policy data are consumed
quickly relative to off-policy replay methods.

Algorithm 6.1: Clipped PPO in cost form

Input: actor s, value critic J o discount ¢, GAE parameter A, clip half-width e, ac-
tor/critic stepsizes, minibatch size, and numbers of collection steps and optimization
epochs.

1. Set 6,4 < 6. Collecta fresh batch with i and store (x, u;, g, X;,1), termination
flags, and old log probabilities.
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A‘GAE( A
t

2. Compute 87, bootstrapped return targets 6,, and ) backward along each

trajectory.

3. For several shuffled-minibatch epochs, form r,(8) and descend the clipped actor
loss (6.34); fit the critic with (6.35).

4. Optionally stop actor epochs early if an approximate KL threshold is exceeded.
Record KL and clipping fraction as update diagnostics.

5. Report unnormalized physical cost and constraint metrics, then repeat from Step 1
with the updated actor.

QOutput: updated stochastic actor and value critic.

\. J

Advantage normalization is a numerical choice, not a change to the physical cost reported for
the controller. The algorithm uses an on-policy outer loop: a batch may be reused for several
epochs, but a materially updated actor requires fresh trajectories.

More epochs extract more optimization from a batch but also move the actor farther from the
policy that generated it. Increasing ¢ permits larger ratio changes. Neither choice has a universal
best value; both interact with stepsize, advantage scale, and sample count. A reproducible study
should report these quantities and learning curves over multiple seeds.

6.6 DDPG and TD3: Deterministic Continuous-Action API

DDPG combines a deterministic actor, replay buffer, Q critic, and delayed target networks
(Lillicrap et al. 2016). In cost notation, one critic target is

YPPPG = g+ aQ(xps1s o~ (X11)5 97), (6.36)

and the critic minimizes squared TD error. The actor minimizes
B (0) = B z[0(x. g (x): )], (6.37)

Exploration noise is added to behavior actions during data collection; the deployed actor can
remain deterministic. The actor—twin-critic—target flow of TD3 is shown in Figure C.3; the
distinctions among behavior noise, target noise, and delayed actor updates are made explicit
below.

TD3 modifies this loop in three coupled ways (Fujimoto et al. 2018):

& ~clip(W(0,02,1), —c,c), (6.38)

u' = clip(pg-(x") + &, %), (6.39)
yID3e = o 4 a max 0;(x",u'; 97), (6.40)
0% =0-1,V,E,[0)(x, ny(x): 0] (6.41)

Target-action noise smooths narrow critic artifacts, the conservative twin selection uses the
smaller reward or equivalently larger cost estimate, and the actor/targets are updated less often
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than the critics. These are controls on approximation error inside API. They do not prove that
the critic is accurate outside replay support.

For mobility systems, the deterministic actor is attractive for bounded continuous commands
and fast execution. The critic can also become a terminal value for online lookahead. That
second use should be validated separately: a critic adequate for its actor-gradient samples may
be inaccurate over the larger state region reached by an optimizer.

Here oy, is the target-smoothing standard deviation and ¢ > 0 caps each noise component.
This target noise is distinct from the behavior exploration noise used to collect data.

Algorithm 6.2: TD3 in cost form

Input: deterministic actor pg, twin Q critics Qp] , §¢2’ delayed copies (607, 97, ¢5),
replay buffer &, discount a, target-noise parameters (o, c), policy delay d, Polyak
coeflicient x € (0, 1), and stepsizes.

1. Apply u, = clip(pq(x,) + €M, %) and append (x,, u,, g, X,.1) to D.

2. Sample a replay minibatch. Draw clipped target noise ¢ and form u” and the
conservative cost target (6.40).

3. Fit both critics by descending E[ (ij (x,u) — yTP3.c)2],

4. Every d critic updates, update the actor through (6.41), then set each delayed
parameter v~ « kw~ + (1 — x)w for w € {6, ¢, ¢, }.

Output: deterministic actor and twin Q critics.

Exploration noise " changes data collection; target- smoothing noise & regularizes the critic

target around the next actor action. Delayed actor updates describe training frequency, not the
physical controller’s sampling rate.

6.7 SAC as Entropy-Regularized Policy Iteration

SAC augments the physical cost with an entropy preference:

o0

Fore(m) =B | D a'(glxpu,) — T (-1 x,))) | (6.42)
=0

The coupled replay, twin-Q, stochastic-actor, and entropy flow appears in Figure C.4. The
equations below explain why the entropy term must occur consistently in both evaluation and
improvement. Here T > 0 is the temperature. The term —7 .34 lowers the augmented cost
of a broad policy, delaying premature concentration on one action and preserving alternative
actions for off-policy learning. It is a preference in the optimization objective, not a claim that
random control is physically robust. Setting T = 0 removes the entropy term, while automatic
temperature tuning adjusts 7 toward a declared target entropy. The soft state value associated
with a cost Q-factor is

VSOft('x) = ]EM~JTH [Qsoft(-x’ M) + 7T log ”9(” | X)], (643)

124



6.8 Derivative-Free Search in Structured Policy Classes

because E[—log 7] = 96. A twin-critic target is then formed from g + a V. (x"). With cost
critics, a conservative sampled target uses the larger of the twin cost estimates:

YWACC — o 4 g nax, Qp;(xﬁl,u’) +tlogmygu | x,00) |, ' ~mp(-1x,41). (6.44)

The stochastic actor minimizes

EIAC(0) = E g [Quop (X, 1) + Tlog g (u | x)]. (6.45)

U~Jrg

Reparameterization permits gradients through sampled continuous actions. The temperature T
may be fixed or adapted toward a target entropy (Haarnoja et al. 2018).

In DP terms, SAC alternates approximate soft policy evaluation and soft policy improvement.
As T decreases, the entropy preference weakens, but the algorithm is not simply TD3 with
noise. Its actor remains a distribution and its Bellman target contains the entropy term. For
deployment, one must choose whether to sample or apply a deterministic statistic and then audit
that choice. Entropy is not physical disturbance robustness, and random exploration is not a
constraint-satisfaction mechanism.

Algorithm 6.3: SAC in cost form

Input: reparameterized stochastic actor i, twin cost-Q critics and delayed copies, replay
buffer &, discount «, temperature T (fixed or learned), target entropy if used, Polyak
coeflicient, and stepsizes.
1. Sample u, ~ 74(- | x;), apply any declared safety layer, and append (x;, u;, g;, X;4+1)
to replay.
2. Sample a replay minibatch and reparameterized next actions. Construct the soft
target (6.44) and fit both Q critics by squared TD error.
3. Draw reparameterized current-state actions and update the actor by descending
(6.45).
4. If temperature is adaptive, update Tt so the observed —log 74 (u | x) tracks the
declared target entropy.
5. Polyak-average the delayed critics and repeat.

Output: stochastic actor, twin soft Q critics, and temperature.

\. J

The Q target, actor objective, and temperature update form one coupled design. Removing the
entropy term only from the actor while retaining it in the critic changes the fixed point. Likewise,
stochastic training return does not determine the performance of a mean-action deployment
policy; both execution choices should be evaluated if either is contemplated.

6.8 Derivative-Free Search in Structured Policy Classes

Not every useful actor needs a policy gradient or a large neural network. Let uy be a gain-
scheduled, rule-based, or low-dimensional neural controller and define the simulation objective
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Z(0). This is direct policy search: complete closed-loop trials assign a cost to a parameter
vector without first fitting a critic. It is useful when controller structure is trusted, a simulator or
repeatable experiment is available, and the parameter dimension is modest. It does not mean that
the system dynamics are absent; they are exercised inside each trial.

For directions A; with E[A;A]] = I, a symmetric random-direction estimate is

- 1 & Y
V%) = WZ(?(H +cA;) = F(0 - cA)))A,. (6.46)
i=1

The numerator measures the objective slope along A;; multiplication by A; maps that directional
slope back into parameter coordinates. For a smooth objective, its conditional expectation
approaches the gradient as ¢ | 0, up to the direction-distribution convention. Very small ¢
amplifies simulation noise, whereas large ¢ produces finite-difference bias. Using the same initial
states and disturbance seeds in each plus/minus pair—common random numbers—removes
variation unrelated to the parameter perturbation. The estimate avoids differentiating the plant
but needs two rollouts per direction and becomes noisy in a very large parameter vector.

The cross-entropy method (CEM) instead maintains a parameter distribution. For a Gaussian
search law, one iteration is

0V ~ N (m, 2, j=1,....M, (6.47)
&, = indices of the lowest-cost M, samples, (6.48)
1 .
mipy < (1= m; + D 00, (6.49)
JEE;
iy« (1= P+ BCov{oV) : j € &), (6.50)

The elite set is an empirical approximation to a low-cost region. Fitting the next Gaussian to those
elites is the maximum-likelihood, or equivalently minimum-cross-entropy within the Gaussian
family, update. Smoothing by g € (0, 1] prevents one noisy batch from replacing the search law,
and a diagonal variance floor prevents irreversible collapse before the region has been audited
(Boer et al. 2005).

Algorithm 6.4: CEM policy search

Input: policy class pg, initial search mean m and covariance Xy, scenario set, sample
count M, elite count M,, smoothing S, variance floor, and stopping rule.

1. Draw M parameter vectors from the current search law, enforcing any declared
parameter bounds.

2. Evaluate every vector on the same training scenario protocol and rank the resulting
closed-loop costs.

3. Select the M, lowest-cost elites. Compute their sample mean and covariance and
apply (6.49)— (6.50).

4. Apply covariance floors, record the best held-out candidate separately, and repeat
until the evaluation budget or convergence rule is met.
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Output: selected actor parameters and the search/audit history.

gold points: low-cost elites

fimwlolh
[ ]

iteration i + 1

iteration

Figure 6.6: Original two-parameter CEM geometry. Samples are ranked by complete closed-loop
cost; the next search distribution contracts toward the elite region while smoothing
and variance floors control premature collapse.

CEM is transparent for a small structured controller and parallelizes across simulations. It
does not require differentiability or a randomized deployed policy, but it is not guaranteed to find
a global optimum. Its sample count typically grows difficult with parameter dimension, and the
best training parameter can overfit the scenario set. Held-out disturbances and model variations
are therefore required (Bertsekas 2025, Sec. 3.5).

6.9 One Comparison Map for Modern Algorithms

Table 6.3 compares methods by mathematical role rather than popularity. DQN is retained

because it shows the boundary: its Q critic already defines a discrete actor, whereas the other

methods learn an explicit policy. Concept diagrams for all four algorithms appear in Appendix C.
Three questions should accompany every algorithm name:

1. Which policy or optimality equation does the critic target?
2. How does the actor or greedy rule represent improvement?
3. Is the frozen result applied directly, or improved again online?

The third question is often absent from standard DRL comparisons and is the main connection to
the control architecture of this book.
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6 Approximation in Policy Space

Table 6.3: Algorithm comparison through the book’s DP and deployment axes.

Method  Action/policy  Critic target Data relation DP reading  Natural
online use
DQN finite, implicit  optimality Q off-policy sampled Q as leaf
greedy TD replay approximate evaluator for
Q-VI discrete
search
PPO stochastic recent-policy on-policy restricted actor
explicit value/advantage batches API base/warm
start; critic
terminal
value
TD3 deterministic twin policy-Q off-policy deterministic fast base
continuous TD replay API with actor and dif-
bias controls ferentiable
terminal Q
SAC stochastic soft twin-Q TD  off-policy entropy- sam-
continuous replay regularized  ple/mean
PI base policy
plus soft
critic
CEM chosen no critic simulated or direct optimized
structured class required experimental parameter actor as
policy trials optimization local-search
center
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6.10 The Learned Actor Is a Starting Point for Online Improvement

6.10 The Learned Actor Is a Starting Point for Online
Improvement

Let s, be a frozen actor and let J. o be acritic. Before listing complete execution architectures,
distinguish two surrounding cases from the book’s three core online-improvement mechanisms.
Applying the actor directly is the no-improvement baseline. A safety filter is a protective wrapper
that checks or modifies a proposed action; it can surround a direct actor or any improved controller
and is not counted as a fourth policy- improvement mechanism. The three mechanisms studied
below are: use the actor as a base policy for rollout, use it to center or initialize online optimization,
and use the critic to compress the cost beyond the online horizon. They are building blocks and
may be combined rather than mutually exclusive algorithms.

6.10.1 Actor as a base policy for rollout

For a sampled or known model, evaluate a candidate root action and then follow the actor for m
steps:

m
Oron(x.u) = glx,u) + Bl Y alg(x;, prg(x)) + @™ 1T, (X011 | - (6.51)
j=1
The applied action minimizes this estimate. When the base-policy cost is evaluated exactly and
the candidate set includes the base action, classical one-step rollout is no worse than the base
policy. Finite Monte Carlo samples, terminal approximation, action discretization, and model
mismatch weaken that statement; improvement then requires an audit or an uncertainty margin.

6.10.2 Actor as a warm start or local search center
For a continuous online optimizer, the actor supplies

Ul L= (o), o (%), ...). (6.52)
An SQP, shooting, sampling, or MPC solver then updates the sequence subject to the current
model and constraints. A lower-cost initialization can reduce iterations, but a nonconvex solver
may still converge to a different local solution. Warm-start benefit should be measured by
computation and achieved cost at the allowed deadline.
If full optimization is too expensive, search a local action set

UWiocal () = clip{pg(x) + Au;:j=1,... ., M}. (6.53)

The actor centers a higher-resolution comparison near its preferred action while preserving a
fixed real-time budget. A fallback global candidate or the actor action itself should be retained
so that local search does not exclude a known feasible command.
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6 Approximation in Policy Space

6.10.3 Critic as a terminal value

An (-step online problem uses

Ug,---Uup_q

-1
min E Z ol g (xju;) + aQJN(p (x¢) |- (6.54)
=0

The critic compresses the tail beyond the online horizon. In operator notation, a useful family is

Crm
T'T J )0 (6.55)
where m actor-rollout steps refine the leaf and € unrestricted lookahead steps improve the root.
This is the policy-space counterpart of the geometric construction in Chapter 5. Increasing either
depth spends more online computation but reduces reliance on a raw approximation in a different
way.

6.10.4 From three mechanisms to five deployment patterns

The three mechanisms above describe how learned objects participate in online improvement.
A deployed controller still needs a complete execution pattern: what proposes an action, what
computation is permitted before the deadline, and what claim is made about the resulting
command. The following five patterns retain that operational distinction.

Direct actor. The minimum-computation baseline applies

u=pg(x), (6.56)

or samples from 774 (- | x) for a stochastic policy. No model or online optimization is required
after the actor has been trained. This is the natural use of a policy network when latency is
the dominant constraint, but it also places the full burden on offline data coverage. Saturation
may keep the command inside an actuator interval; it does not by itself establish constraint
satisfaction, robustness, or low cost after a distribution shift. Those properties must be audited
on the deployed state and disturbance range.

Actor with a safety filter. A filter treats the actor command as a proposal and returns the nearest
command that passes a declared safety test. A representative one-step abstraction is

u = argmin ||[v — uy(x)|%, (6.57)
VE U gute (X)

where %6, (x) may be constructed by projection, a quadratic program, a control-barrier condi-
tion, or a predictive backup test. The objective is to modify the learned action as little as possible
while enforcing the filter’s certificate; it is not, in general, a Bellman cost improvement. The
relevant questions are whether the filter problem remains feasible, which model and uncertainty
set support its claim, and how often its corrections move the system outside the actor’s training
distribution. The same wrapper can surround a direct actor, local search, rollout, or MPC.
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6.10 The Learned Actor Is a Starting Point for Online Improvement

Actor-warm-started MPC. Here the actor does not determine the final command. It produces
the initial sequence in Equation (6.52), after which a finite- horizon optimizer incorporates
the current reference, model, constraints, and measured state. Only the first optimized action
is applied. Warm starting is valuable when it reduces iterations or supplies a useful feasible
candidate within a fixed deadline; the comparison should therefore report solve time, deadline
success, achieved cost, and constraint behavior against a cold start or another initialization. A
certified fallback remains necessary when the solver terminates early or fails to return a feasible
sequence.

Local actor search. When a full nonlinear program is too expensive, the actor can center the
finite set in Equation (6.53). One-step search with a critic, for example, applies

u € argmin {g(x,v) + a]E[f(p(x+) Ix,v]}. (6.58)

VE%local(x)

This preserves a declared number of model or sample evaluations and gives finer resolution near
the learned action. It is cheaper and more predictable than open-ended optimization, but it can
miss an action outside the local neighborhood. Retaining the actor command, one or more coarse
global candidates, and a feasible fallback makes that coverage limitation explicit.

Actor rollout with a critic leaf. This pattern uses the actor as the continuation policy and the
critic as a compressed tail, as in Equation (6.51). Candidate root actions may come from the
full finite action set, a sampled continuous set, or the actor-centered neighborhood. The online
model or simulator propagates each candidate, the actor supplies intermediate actions, and the
critic values the leaf. Increasing the rollout or lookahead depth reduces dependence on a raw
leaf estimate but adds model, sampling, and computation error. Thus the claim is conditional on
candidate coverage, model fidelity, sample count, terminal-value quality, and completion before
the control deadline. A safety filter can still be applied to the selected root action.

The five rows of Table 6.4 expand these three mechanisms into deployable patterns. Warm-
started MPC and local action search are two implementations of actor-centered optimization.
Actor rollout with a critic leaf combines the first and third mechanisms. The direct actor is
the baseline, and the safety-filter row is a wrapper that may be composed with any other row.
This table is an authorial synthesis, not a standard five-category taxonomy quoted from one
source. Its rollout and terminal-value interpretation follows Bertsekas (2019) and Bertsekas
(2022); its MPC execution layer follows the finite-horizon framework of Rawlings et al. (2017);
and its safety-filter row represents architectures such as Wabersich and Zeilinger (2021). The
fixed-budget local-search row is the chapter’s finite-candidate specialization of actor-centered
online improvement.
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6 Approximation in Policy Space

Table 6.4: Execution patterns built from the same learned actor and critic. The rows synthesize
the cited rollout, MPC, and safety-filter constructions with the chapter’s actor-centered
local-search pattern.

Pattern

Online computation

Main benefit

Claim that still needs
verification

Direct actor

Actor + safety filter

Actor warm-started

MPC

Local actor search

Actor rollout + critic
leaf

one network evaluation

actor followed by
projection, QP, or filter

finite-horizon
constrained
optimization
finite declared
candidate set

sampled/model tree
with terminal value

minimum latency

explicit local action
modification

current constraints
and model; fewer
solver iterations
predictable compute
budget and local
resolution

online improvement
with a compressed
tail

shifted-model cost
and constraint
behavior

feasibility and
interaction with the
learned policy
deadline success and
local-solver quality

candidate coverage
outside the actor
neighborhood
sampling, model, and
terminal-value errors

actor base / warm start / critic leaf

offline learning
actor pg, critic J @

online optimizer

current model —>

and constraints

apply root action
observe next state

audit and data
cost, viola-
tions, timing

refit or distill

Figure 6.7: Original actor—critic—lookahead architecture. Learning, online optimization, and
deployment audit are separate layers with separate claims.

132



6.11 Mobility Case: A Policy Actor with Online Lookahead

Control viewpoint

The phrase “combining an actor with online lookahead and a critic with terminal cost” is
the main bridge from modern DRL to this textbook, but it is not one specific algorithm.
PPO, TD3, SAC, supervised MPC imitation, or CEM can supply the actor. MC, TD, fitted
value iteration, or the same actor—critic training can supply the terminal value. The online
layer determines how the stored objects are used at execution.

6.11 Mobility Case: A Policy Actor with Online Lookahead

The reproducible experiment isolates the architecture without requiring a deep learning toolbox.
Consider the normalized lateral-error surrogate

Xpay = 1LO3xg + bug +d +wyy, gl < 1.5, (6.59)

with stage cost
glx,u) = x% +0.08u2 + 0.01u?, a =0.97. (6.60)

The coeflicient b represents control effectiveness, while d is a constant lateral bias that can
stand for a normalized crosswind or road-curvature feedforward term. Offline training uses
(b,d) = (1,0). The online audit fixes b = 0.75 and varies the previously unseen bias over
d € [0,0.22]. The lookahead model receives the current (b, d), while the frozen actor and critic
are not refitted. The remaining disturbance is bounded Gaussian noise generated from fixed
seeds. This scalar model is a teaching surrogate, not a validated vehicle model.

6.11.1 Offline actor search and critic fitting

The structured deterministic actor is

3
Ho(x) = l.5tanh(—M).

3 (6.61)

CEM optimizes its two parameters over common initial states and disturbance sequences. The
verified result is
0, = 0.8615, 05 = 0.3400. (6.62)

The actor’s Monte Carlo cost is then fitted by the even polynomial

Jy(x) = 9o + P2x% + @ax* + @ex®. (6.63)

Its RMSE on the declared critic grid is 0.0225. This low number is a fitting diagnostic, not the
online-control conclusion.
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Direct search in a two-parameter policy class . Search distribution contracts 05
T T T T T T Do
102 L population mea | ——06; mean g
= - - -elite mean g 0.8k - = =03 mean| | (4 §
8 —0—Dbest candidate £ g e 0, std. %
& S 06f {03 E
5 <1 : g
ST IS g
o 10 + 1 5 04f3 10.2 &
g S 17 B=
< = <
o0
B 8 0.2 10.1 X
Q
10° : : : 0 0 =
0 10 20 30 40 10 20 30 40
CEM iteration CEM iteration
Frozen-actor critic, RMSE = 0.022 The actor anchors an adaptive local search
15 - - - 1.5 St - -
o Monte Carlo target megn offline actor
2 even-polynomial fit 1+t|= = =3-step, nominal 4
s |\ 4 |- 3-step, b = 0.75, d = 0.1§
= L 4 L 4
% 10 S 0.5
3 s
= 0 §
g 5t { ° o5t ]
5]
%
bS] -1t .
0 . . -1.5 :
-4 -2 0 2 4 -4 -2 4
state x state x

Figure 6.8: Original policy-space experiment. CEM contracts a distribution over two actor param-
eters, after which Monte Carlo actor costs are compressed into an even-polynomial
critic. The lower-right panel shows that online three-step search changes the control
law when effectiveness and the constant lateral bias differ from their offline values.
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6.11 Mobility Case: A Policy Actor with Online Lookahead

6.11.2 Actor-centered lookahead
At every state, local search compares 29 clipped candidates
u € clip{pg(x) + Au: Au € [-0.70,0.70]}. (6.64)

One- and three-step backward recursions use the current values of (b, d) in the online model and
terminate with Equation (6.63). A separate 61-action full-grid calculation audits whether the
actor-centered candidate set misses an important action. The figure precomputes these policies
on a dense state grid for efficiency; operationally, the same finite search would be performed only
at the measured state.

At (b,d) = (0.75,0.18), the offline actor has mean discounted cost 4.5449. One-step local
lookahead reduces it to 2.3430, and three-step lookahead gives 2.3175. The 61-action three-
step audit gives 2.3159. The full-grid and local results are close, which supports the declared
actor-centered candidate coverage in this scalar case. It does not prove coverage in a higher-
dimensional action space.

Table 6.5: Verified shifted-model result at (b,d) = (0.75,0.18).

Controller Candidate Mean discounted cost
actions/state

Offline actor one forward output  4.5449

Local one-step 29 2.3430

lookahead

Local three-step 29 per backup 2.3175

lookahead

Full-grid three-step 61 per backup 2.3159

audit

The larger separation has a specific cause. The offline odd-feedback actor was trained with
d = 0, so it reacts only after a constant bias creates state error. The online model sees d and
can apply anticipatory compensation while using the actor as its search center. This is a cleaner
demonstration of online information use than deliberately weakening the offline actor. It is not a
robustness theorem: the lookahead is advantaged by knowing the audit parameters exactly. In a
real vehicle, estimation error in (b, d), state constraints, solver deadlines, and out-of-range bias
would have to be included before making a deployment claim.

6.11.3 What is model based and what is sample based?

CEM uses sampled trajectories from a nominal simulator and does not differentiate its equations.
The critic targets are Monte Carlo samples. The online lookahead is explicitly model based
because it evaluates successor states with the current (b, d). Finally, the reported costs use a
held-out audit simulation. Calling the entire pipeline either “model free” or “model based” would
hide these different roles.
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6 Offline policy versus critic-terminated online lookahead
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Figure 6.9: Original online-improvement audit. The offline actor is fixed while the lookahead
layer uses the current effectiveness b = 0.75 and bias d. Local one- and three-step
searches reduce audited cost throughout the tested interval. The full-grid curve is a
candidate-set audit, not an exact infinite-horizon optimum. The lower panels show
one shifted trajectory and bounded controls.
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6.12 Design and Deployment Checklist

Table 6.6: Model and sample roles in the Chapter 6 experiment and representative policy algo-

rithms.

Component What the update consumes Model/sample interpretation

Current CEM complete nominal-simulator costs  simulation based and derivative

actor free; no transition derivatives or
critic, but the samples come from a
model

PPO alternative recent trajectories and normally called model free at the

returns/advantages update; on-policy samples may still

be generated by a simulator

TD3/SAC replay transitions and bootstrapped off-policy and sample based at the

alternative Q targets update; a simulator or physical

Fitted critic here

Online lookahead

Held-out audit

Monte Carlo actor returns

explicit successor calculation with
current (b,d)
fixed-seed shifted-model

trajectories

system may supply replay
sample-based policy evaluation on
nominal-model rollouts

model based at execution

simulation-based validation, not a
training update

The classification belongs to a component and use, not merely to an algorithm name. CEM
can also be run on physical experiments and then be model-free with respect to the search update;
PPO can be embedded in a model-based data-generation pipeline; and a learned dynamics model
can supply replay for TD3 or SAC. The online layer in this example is unambiguously model
based because it queries a declared transition equation before choosing the root action.

Implementation note

The base-MATLAB script generate_figures .m in the Chapter 6 code directory
records seeds, policy-search settings, candidate grids, and all model parameters. It writes
both figures, CSV metrics, and a numerical summary. Students can replace the two-
parameter actor with a neural policy without changing the online-lookahead interface.

6.12 Design and Deployment Checklist

Before choosing or deploying a policy-space method, document the following.

1. Control object. Is execution deterministic, stochastic, or a filtered statistic of a stochastic

actor?

2. Action structure. Which actuator constraints are enforced by the architecture, and which
require an external optimizer or filter?
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3. Evaluation target. Does the critic evaluate the current actor, a delayed target actor, a soft
policy, or Bellman optimality?

4. Data relation. Are samples on-policy, replayed off-policy, or produced by a declared
model? Where is coverage measured?

5. Improvement restriction. Is the update clipped, delayed, entropy regularized, constrained
to a parameter class, or selected by elite search?

6. Online layer. Is the actor applied directly, used as a base policy, or used to initialize
constrained lookahead?

7. Fallback. What happens when the optimizer misses its deadline, the observation is out of
distribution, or the critic is unreliable?

8. Audit. Report closed-loop cost, constraints, worst cases, computation, and sensitivity to
seeds/model shifts. Training reward alone is insufficient.

6.13 Chapter Summary

Policy-space approximation stores a control law directly. It is especially useful for continuous
actions and low-latency execution, but it does not remove policy evaluation. Policy-gradient meth-
ods use Q-factors or advantages to differentiate expected cost; actor—critic methods implement
interleaved approximate policy evaluation and restricted improvement.

PPO is on-policy stochastic API with a clipped ratio surrogate. TD3 is off-policy deterministic
API with twin critics, delayed actor updates, and target smoothing. SAC performs entropy-
regularized soft policy iteration. Derivative-free methods such as CEM remain valuable for small
structured controllers. These methods differ in data use and policy representation, not in the
need for controller-level validation.

The chapter’s main control connection is that a learned actor and critic are inputs to an execution
architecture. The actor can be a base policy, warm start, local search center, and fallback; the
critic can terminate online lookahead. The mobility experiment shows how this combination
adapts a frozen offline policy to changed control effectiveness while keeping model use, sampling,
and audit roles explicit.

6.14 Exercises

Exercise 6.1 (Deterministic action bounds). Derive the Jacobian of Equation (6.4) with respect
to the unsquashed output. Explain why gradients can become small near an actuator limit
and why this is different from satisfying a state constraint.

Exercise 6.2 (Baseline identity). Prove Equation (6.15) for a finite action set. State the regularity
condition needed for a continuous action density.
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6.14 Exercises

Exercise 6.3 (Cost and reward signs). Starting from the reward-form PPO clipped objective,
substitute A” = —A€ and derive Equation (6.34). Identify two places where a silent sign error
could enter an implementation.

Exercise 6.4 (GAE recursion). Show that the truncated GAE sequence satisfies A, = &, +
alA,, ;. Compare the limits 2 = 0 and 1 = 1 and relate them to Chapter 4.

Exercise 6.5 (Twin critics under a cost convention). Explain why TD3’s smaller-reward target
becomes a larger-cost target. Construct a numerical example with two biased critics and
compare the selected target.

Exercise 6.6 (SAC temperature). For two discrete actions with soft costs Q; < Q,, derive the
Gibbs policy that minimizes expected Q plus T log s7. Plot its probabilities as T decreases
and explain why temperature is not a robustness certificate.

Exercise 6.7 (CEM reproduction). Run the Chapter 6 script and reproduce the parameter
trajectory. Change the elite fraction and variance floor. Report both training and held-out
policy cost rather than only the best sampled candidate.

Exercise 6.8 (Actor architecture). Replace the cubic actor in Equation (6.61) by a linear saturated
actor. Compare action RMSE, nominal policy cost, shifted cost, and the benefit of three-step
lookahead.

Exercise 6.9 (Critic error versus online control). Fit quadratic, quartic, and sixth-order even
critics to the same Monte Carlo targets. Compare critic RMSE with the root actions and
closed-loop costs produced by one- and three-step lookahead.

Exercise 6.10 (Local candidate coverage). Vary the offset range and number of candidates in
Equation (6.64). Plot computation against cost and identify a case in which actor-centered
search excludes a useful action.

Exercise 6.11 (Rollout improvement). For a finite MDP and an exactly evaluated base policy,
prove that one-step rollout with a candidate set containing the base action is no worse than
the base policy. List which steps of the proof fail with sampled rollout and an approximate
terminal critic.
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6 Approximation in Policy Space

Exercise 6.12 (Algorithm selection for a slalom project). Design two pipelines for the course
slalom problem: one using PPO and one using TD3 or SAC. For each, specify observation,
action, critic target, exploration, constraints, online lookahead, fallback, and the model/data
used in the final audit. Justify the comparison metrics before running either algorithm.
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7 Learning Dynamics and Uncertainty

Planned role

This chapter addresses the second central difficulty of the book: the dynamics or disturbance
model is uncertain, changing, or learned from data.

Planned contents

* Offline and online system identification

 Full-model, residual, black-box, and gray-box learning
* Deterministic and stochastic predictive models

* Recursive estimation and neural dynamics

* Aleatoric and epistemic uncertainty

* Excitation, closed-loop bias, and distribution shift

¢ Control-relevant model validation
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8 Control with Learned Models

Planned role

This chapter closes the loop between model learning and decision making. It places modern
model-based RL and learning-based MPC inside the book’s DP framework.

Planned contents

» Explicit learned models for planning and policy training

* Dyna-style updates, synthetic rollouts, and model bias

 Short learned-model rollouts as in model-based policy optimization
* Residual-model and uncertainty-aware MPC

* PPO, TD3, and SAC actors as warm starts or base policies

* Learned critics as terminal values for online lookahead

* When online planning improves—or degrades—a frozen DRL policy

* Slalom and surrounding-driver response examples
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9 Stability, Safety, and Online
Adaptation

Planned role

This chapter distinguishes empirical safety from guarantees and studies what must be preserved
when values, policies, or models are updated online.

Planned contents

* Lyapunov stability and performance certificates

» Recursive feasibility, invariant sets, and backup policies

* Robust and stochastic MPC

 Safety filters, shields, and control barrier functions

» Safety layers and backup controllers around PPO, TD3, and SAC policies
* Safe exploration and online model updates

¢ Adaptive dynamic programming and neuro-adaptive control
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10 Multiagent Decision and
Coordination

Planned role

This chapter extends online improvement to structured joint decisions and uses connected-vehicle
coordination as the principal mobility setting.

Planned contents

* Joint-action growth and structured decision order

Standard rollout and one-agent-at-a-time rollout

* Ordering, reshuffling, and parallel evaluation

Centralized planning and decentralized information

Centralized training with decentralized execution, MAPPO, and multi-agent SAC
* Merge, intersection, and roundabout coordination

* Learning surrounding-driver response models
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11 Integrated Mobility Case Studies
and Outlook

Planned role

This chapter assembles the book’s methods into complete experimental pipelines and separates
durable control principles from rapidly changing research topics.

Planned contents

» Staged slalom benchmark: tracking, minimum time, learned residuals, and safety

CAV CO0-C2: two-vehicle control, multiagent rollout, and mixed autonomy
* HEV energy management and eco-driving bridge examples

* Experimental design, ablation, and reproducibility

World models, foundation models, VLMs, and LLMs as an outlook
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A Mathematical Background

Planned role

This appendix will provide concise reminders rather than replace prerequisite courses.

Planned contents

Matrix definiteness and quadratic forms

Conditional expectation and Markov models

* Convex optimization and KKT conditions

Fixed points, contractions, and Newton’s method
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B Additional Finite-Horizon
Approximate DP Methods

Planned role

This appendix will collect finite-horizon approximation variants that would interrupt the main
infinite-horizon control narrative.

Planned contents

» Stage-dependent approximation architectures
* Finite-horizon rollout and truncated rollout
* Scenario and sampling approximations

¢ Additional error bounds
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C Modern RL Algorithm Bridge and
Extended Models

This appendix supplies a compact entry point for readers who have not taken a separate deep-
reinforcement-learning course. It is not a replacement for the derivations in Chapters 4 and 6.
Its purpose is to define the algorithm names used there and place each one in the book’s policy-
evaluation—policy- improvement framework.

Chapter 1 will ultimately provide a one-page conceptual orientation: why learning is introduced
and where value, policy, and model approximation enter a controller. Detailed algorithm cards
belong here because placing them in Chapter 1 would interrupt that motivation before the control
problem has been defined.

C.1 A Common Actor—Critic Template

An actor is a parameterized policy 74 (u | x) or a deterministic map u = pug(x). A critic
approximates J,, Q ., or a related advantage. A modern actor—critic iteration usually contains
four logically separate operations:

1. abehavior policy collects transitions;

2. acritic target approximately evaluates a policy;

3. an actor objective approximately improves the policy within its parameter class; and
4. delayed targets, replay, clipping, or trust-region devices regulate the numerical update.

Safety filters, MPC, and online lookahead are additional control layers. They are not implied by
the word actor—critic.

Most Al references maximize reward with symbols (s,a, r, 77, 7). This book minimizes cost
with (x,u, g, i, @). The conversionisr = —g, y = a, V7 = =J ,,and Q7 1 = =0 cost- Signs
in a software library must therefore be checked before comparing its “return” with the physical
cost reported in this book.

C.2 DQN: A Critic That Also Defines a Discrete Actor

DQN stores a neural Q-factor and executes

Ho(x) € argmin@(x,u;@). (C.1H
ue
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C.2 DON: A Critic That Also Defines a Discrete Actor

Table C.1: A first algorithm map for readers entering from control.

Method Actor/action Critic target Data relation DP interpretation
DQN implicit sampled off-policy replay  approximate
finite-action Q-optimality TD Q-value iteration
arg min Q target
PPO stochastic actor usually J, plus on-policy batches restricted
an advantage approximate
estimate policy
improvement
TD3 deterministic two Q critics with  off-policy replay ~ deterministic
continuous actor  delayed targets approximate PI
with bias controls
SAC stochastic entropy- off-policy replay  soft policy
continuous actor  regularized Q iteration

critics

Its replay target is a sampled optimality TD target evaluated with delayed parameters. Therefore
the critic also defines an implicit actor when the action set is finite. Replay makes the update
off-policy relative to the mixture of behavior policies stored in the buffer. Target networks,
Double DQN, and dueling outputs address moving labels, selection bias, and representation
sharing; they do not change the underlying finite-action Bellman objective. Chapter 4 provides
the equations and limitations (Mnih et al. 2015; Hasselt et al. 2016; Wang et al. 2016).

DON is a natural reference for discrete maneuver selection. It does not emit an arbitrary
continuous steering or torque command unless that command has been discretized or represented

by a finite primitive library.

delayed target O~

environment
transition

(x,u,g,x")

7 g+amin, o~ (x',v)

replay buffer
off-policy samples

b

1
1 periodic copy

implicit actor

u <

L argmin, Qy (x,v)

Figure C.1: Original concept diagram for DQN. The Q critic is trained by an off-policy optimality
TD target and also supplies the finite-action actor.
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C Modern RL Algorithm Bridge and Extended Models

C.3 PPO: On-Policy Improvement with a Restricted Ratio Step

PPO uses a stochastic actor and fresh trajectories from a recent policy 4. Define the likelihood
ratio

7 (U; | X;)
r(0) = ————. C.2
A AES ©
In the conventional reward-maximizing notation, the clipped surrogate is
L (9) = B, [min(r,(0)A,, clip(r,(0),1 - &,1 + £)A,)]. (C.3)

The actor maximizes this expression. The advantage estimate A\, is usually constructed from
returns and a value critic. The ratio asks how much the new actor changes the probability of an
action that was sampled by the old actor; clipping limits the incentive for a very large single
update. It is a numerical policy-update device, not a hard bound on closed-loop state deviation
or constraint violation (Schulman, Wolski, et al. 2017).

From the book’s viewpoint, PPO is approximate PI with an on-policy critic and a restricted
stochastic policy-space improvement. The critic answers the first organizing question in Sec-
tion 4.10: it is intended to evaluate the recent behavior/target policy used to construct the batch,
not J* directly. For a cost-minimizing implementation one may negate costs to use the standard
reward objective, provided that the conversion is documented.

value critic
_~”| returns and GAE

recent policy fresh trajectories updated policy
T old on-policy batch Y Ty

A A

: change

clipped actor update
restricted ratio

1
collectatiewbatch- == == == == - = - = - - - - - - - — - - - m e m e m e — - - - --—--—-

Figure C.2: Original concept diagram for PPO. Evaluation and restricted policy improvement
reuse a recent on-policy batch; the next iteration recollects data.

C.4 TD3: Deterministic Continuous-Action API

TD3 uses a deterministic actor u = 14 (x) and two Q critics. In the usual reward convention, its
target uses the smaller of two delayed target critics, adds small clipped noise to the target action,
and updates the actor less often than the critics. Under a literal cost conversion, the conservative
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twin-critic selection reverses from a minimum reward to a maximum cost. Schematically,

u' =clip(pg-(x") + &, %), (C4)
TD3 _ O (v 1/ -

Yeost = 8 T ajgll?é} Q_](x YU S @ )s (C5)

0« 0-1n,VoE.[0(x, ppx):0))]. (C.6)

The target-action noise smooths sharp critic errors over nearby controls; the delayed actor
update allows additional critic fitting between improvements. These devices reduce specific
approximation pathologies but do not prove that the learned deterministic actor is safe or globally
optimal (Fujimoto et al. 2018).

In DP language, TD3 is off-policy approximate policy iteration in both value and policy
space. The Q critics support continuous-action comparison, while the actor amortizes the inner
minimization into one forward pass.

ehavior + exploration

. . | deterministic actor delayed targets
replay buffer twin Q critics less [requent .
. o . Ly minimize -p- smoothed tar-
off-policy transitions conservative target .
O1(x, ngx)) get action

Figure C.3: Original concept diagram for TD3. Twin critics are fitted more often than the deter-
ministic actor; delayed targets and target-action smoothing regulate the evaluation—
improvement loop.

C.5 SAC: Entropy-Regularized Soft Policy Iteration

SAC learns a stochastic continuous actor and Q critics while adding an entropy preference. A
cost-form soft objective is

o)

Toore(m) = B | Y ' (8(xp ) — 796 (- 1 X)) | (C.7)
=0

where T > 0 is the temperature. Entropy rewards a broad action distribution during learning,
while the cost term preserves the physical objective. SAC alternates a soft Q-evaluation target
and a policy update that makes the actor favor low soft-Q actions without collapsing its entropy
too quickly (Haarnoja et al. 2018).

The temperature is not process-noise variance and does not by itself quantify robustness.
Likewise, stochastic exploration is not a safety mechanism. For a mobility controller, execution
must specify whether the mean, mode, or a sample of the policy is applied and how actuator and
state constraints are enforced.

151



C Modern RL Algorithm Bridge and Extended Models

A/amplc actions

soft twin Q critics stochastic actor
replay buffer temperature T
: .. cost plus en- > low Q and <
off-policy transitions . entropy target
tropy value ¢ v41ud arsufficient entropy
-

Figure C.4: Original concept diagram for SAC. Soft policy evaluation and stochastic policy
improvement share replay data; temperature controls the entropy term, not physical
robustness or safety.

C.6 Reading the Algorithms Through Three Questions

For any named RL algorithm, ask:

1. Which policy does the critic evaluate? Fixed-policy MC and TD answer this in Section 4.3;
API and the cards above identify how that policy changes. Q-learning instead targets
optimality directly.

2. How is improvement represented? DQN takes a finite arg min; PPO, TD3, and SAC fit
explicit actors. Chapter 6 develops policy-space approximation.

3. Is another improvement performed online? A frozen actor can be a base policy or warm
start, and a frozen critic can be a terminal value. Chapters 4, 5, and 8 develop rollout,
MPC, and learned-model implementations.

These questions are more durable than a catalogue of implementation names. They also expose
where model information, samples, constraints, and real-time computation enter the controller.

C.7 Other Extended DP Models

Future revisions of this appendix will add self-contained entries for aggregation and discretization,
belief-state control under partial observability, minimax and robust reinforcement learning, and
selected technical proofs. Until those entries are complete, the corresponding chapter claims
should remain scoped to the fully observed discounted models stated in the main text.
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